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Abstract This paper is aimed at presenting a locomo-

tion control framework to realize agile and robust loco-

motion behaviors on conventional stiff-by-nature legged

robots. First, a trajectory generator that is capable of

characterizing angular momentum is utilized to synthe-

size reference CoM trajectories and associated force in-

puts, in accordance with the target locomotion profile.

Second, the controller evaluates both force and position

errors in the joint level, using a servo controller and an

admittance control block. The trade-off between the po-

sition and force errors is naturally adjusted via admit-

tance control coefficients. Implementing the controller

on a 4-link, 3-jointed one-legged robot, we conducted

several balancing and running experiments under chal-

lenging conditions; e.g., balancing on a moving cart,

balancing on a surface with varying orientation, run-
ning on a flat surface, running on an inclined surface.

The experimental study results indicated that the lo-

comotion controller enabled the robot to perform un-

tethered one-legged running and to maintain its balance

when subject to disturbances.
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1 Introduction

Agility and robustness are the two main desired loco-

motion characteristics that are expected in a contem-

porary legged robot. Recently, we have witnessed the

grow of humanoids with such qualities; e.g., on top of

the existing Petman architecture [37], Boston Dynam-

ics developed a new humanoid robot that has advanced

locomotion capabilities. Companies such as Honda Mo-

tor Company and Toyota Motor Corporation, and re-

search institutes such as IIT (Istituto Italiano di Tec-

nologia), AIST (National Institute of Advanced Indus-

trial Science and Technology) and KAIST (Korea Ad-

vanced Institute of Science and Technology), also signif-

icantly contributed to the legged locomotion literature

with their state-of-the-art robots [13,26,47–49].

Generally speaking, agility is defined as the robot’s

ability to generate acceleration since it enables a cer-

tain change in its velocity [7]. The change in velocity

triggers the mechanisms that regulate gait phase tran-

sitions in mammals as well, i.e., from walking to run-

ning or vice versa [11,14,24]. In doing so, they are able

to optimally manage mechanical energetics and load

determinants [33]. Therefore, from the agility perspec-

tive, the running locomotion appears to be an impor-

tant property when it comes to imitate the locomotion

of mammals. Furthermore, the running locomotion in-

cludes flight phases which may help the legged systems

to maintain its balance when perturbed [29].

In emulating the untethered running motion on legged

robots, Raibert’s seminal work stressed the importance

of actuation as he achieved continuous one-legged run-

ning with a hydraulically actuated robot [44]. Ahmadi

and Buehler adapted a similar strategy for a hopper

that had a spring-supported leg [1]; therefore, they proved

that the use of passive compliance could compensate
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for the need of high power actuation. Upon these im-

pressive pieces of research, researchers demonstrated

untethered and continuous one-legged running locomo-

tion behavior either via the utilization of novel actua-

tors [57], or via passive compliance [3,54]. This result is

not surprising; both springs and high-bandwidth actu-

ators are capable of doing negative work that is needed

mitigate impacts at the touch-down.

Being quite useful in their own functionality do-

main, a great majority of the above mentioned robots

possess custom-made actuators or they make use of

running-specific design arrangements; i.e., they may not

fully respond to low-speed tasks such as walking and

loco-manipulation. Therefore, our first research objec-

tive in this work is to design a running locomotion con-

troller that can be implemented to a classical humanoid

with conventional off-the-shelf actuators, e.g., [13, 26].

In synthesizing a controller for legged systems, whole-

body control approaches are proved to be very useful.

For instance, Wensing and Orin proposed to regulate

the angular momentum and simulated a humanoid that

can run while being subject to disturbances [56, 58].

Prior to their work, Kajita et al. synthesized a con-

troller, named Resolved Momentum Control, to achieve

bipedal running [28]. Bellicoso et al. addressed whole-

body control by means of an online nonlinear optimiza-

tion algorithm [4]. Ott et al. developed a posture con-

troller for a torque controlled humanoid via the uti-

lization of contact force optimization [42]. Takenaka et

al. proposed a cascaded controller methodology that

achieves dynamics error compensation for the real-time

control of ASIMO [48].

The use of whole-body control approach is well val-

idated for reliable legged locomotion; however, these

controllers mostly rely on online optimization which is

computationally expensive to run in real-time [38, 59].

Considering the fact that the built-in computers could

need to run other computationally heavy tasks, e.g.,

vision sensing, taking up a certain portion of computa-

tional power may not be a viable solution. Therefore,

the second research objective in this work is to design

a running locomotion controller that can be easily ex-

ecuted in real-time, preferably within a 1 ms sampling

time while using an off-the-shelf embedded computer.

When it comes to designing efficient locomotion con-

trollers, it is important to capture the dominant char-

acteristics of running locomotion. To that end, the im-

portance of compliance is addressed to characterize ba-

sic dynamics of walking and running for legged sys-

tems [15,19,22]. This is due to the fact that the use of

compliance enables the regulation of inertial forces act-

ing on the CoM (Center of Mass) [18]. The regulation

of inertial forces was well verified for robot locomotion

control, in particular, for landing the feet [31,45]. With

this in mind, the researchers made use of various ac-

tive compliance schemes to attain effective and feasible

locomotion controllers [6, 8, 9, 17].

Inspired by the efficacy of the active compliance

schemes, we propose a computationally inexpensive com-

pliant locomotion control scheme in which the trade-off

between the position and force constraints can be man-

aged while ensuring stability. The novelty of the pre-

sented study is three-fold: i) A compliant locomotion

controller with proven stability is proposed. In the liter-

ature, compliant locomotion controllers exist [10,27,30];

however, a stability proof that can indicate the inter-

play between stability and rendered compliance is pro-

vided in this paper. ii) A trajectory generator that can

characterize the varying inertia and associated angular

momentum is proposed. Compared to flywheel based

methods, the method encapsulates the angular momen-

tum of the robot in a more consistent manner. iii) The

proposed control algorithm enabled a conventionally

built one-legged robot to exhibit agile balancing and

locomotion behavior, e.g., untethered running on an in-

clined surface, a newly-addressed locomotion task for

stiff-by-nature legged systems. In comparison to exist-

ing methods, the proposed controller constitutes a good

balance between the computational complexity and lo-

comotion control efficacy to achieve stable and compli-

ant running locomotion for untethered legged robots.

A preliminary version of this work reporting early

results was presented in [52]. The current article is a sig-

nificantly improved version to provide an archival value

with the following qualities: i) a stability proof for the

compliance control to indicate the boundedness of po-

sition tracking and interplay between the control gains,

ii) elaboration of the trajectory generator and admit-

tance controller, iii) a comprehensive set of newly-added

experimental results, e.g., one-legged running on an in-

clined surface, balancing within the presence of various

disturbances.

The remainder of this paper is organized as fol-

lows. The mechatronic hardware of our experimental

one-legged robot is succinctly introduced in Section 2.

One-legged running trajectory generator is disclosed in

section III. Section IV reveals the details of the pro-

posed locomotion control framework. Experimental re-

sults are presented in section V, including thorough dis-

cussions on the possible impacts, limitations and future

work. Finally, the paper is concluded in section VI.

2 One-Legged Runner Robot: TTI-Hopper

In order to investigate running dynamics, we developed

a 4-link 3-DoF (Degrees of Freedom) one-legged robot,
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Table 1 Mechanical specifications of TTI-Hopper

Upper tip - Hip length: 370 [mm]
Hip - Knee length: 150 [mm]

Size Knee - Ankle length: 150 [mm]
Ankle - sole length: 40 [mm]
Toe - heel length: 166 [mm]
Leg: 5.46 [kg]

Weight Upper Body: 5.37 [kg]
Total : 10.83 [kg]

named TTI-Hopper. It is actuated via brushless DC

motors to power hip, knee and ankle joints, making its

motion constrained in the sagittal plane. The actual

robot can be viewed in Fig. 1, together with its joint

configurations. Note that the robot is completely un-

tethered and it can move in other planes if it is subject

to disturbances. Table 1 summarizes its mechanical di-

mensions.

The main controller is an Intel TMD Duo 2 CPU

processor (3.33 GHz, 4.0 GB RAM), executing the con-

trollers via a MATLAB xPC target system, running at

a sampling frequency of 1 kHz. The robot was equipped

with an attitude reference sensor (Lord MicroStrain

3DM-GX5-25 AHRS) in the torso which was synchro-

nized with the main controller using the method de-

scribed in [39]. Four force sensing units were employed

and distributed to each corner of the foot [32,34]. Using

this force sensing topology, we can measure the z-axis

GRF (Ground Reaction Force) and x-axis ZMP (Zero

Moment Point), namely Fz andXzmp. Furthermore, the

x-axis GRF, Fx, can also be estimated as below [23].

Fz =

4∑
i=1

fi; Xzmp =

4∑
i=1

firix

Fz
; Fx =

(x−Xzmp)Fz

z
(1)

In above equations, fi is the ith force value (i =

1, 2, 3, 4); rix refers to x-axis coordinate of the ith sensor

with respect to the FSC (Foot Sole Center). y-axis ZMP

can also be computed; however, we are not able to make

use of it since the robot cannot move through y-axis,

as stated above.

3 Running Trajectory Generation

Running trajectory is composed of two components that

have distinct characteristics: i) CoM trajectory dur-

ing support phase, ii) CoM and feet trajectories dur-

ing flight phases. For each case, x-axis (horizontal) and

z-axis (vertical) trajectories are separately planned in

a way to meet corresponding conditions, e.g., dynamic
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Fig. 1 The actual robot and its joint configurations.

balancing, jumping, feasible landing. Once the trajec-

tory is generated in Cartesian space, we use an analyt-

ical inverse kinematics algorithm to obtain joint angle

references.

3.1 Support Phase Trajectory

3.1.1 Vertical CoM Trajectory Generation

Throughout the support phase, we observe three main

events: i) touch-down (td), bottom (b), and lift-off (lo);

see Fig. 2. Touch-down is the initial instant whereas

lift-off stands for the terminal instant. In order to re-

alize a successful jump, the z-axis CoM acceleration

must reach the gravitational acceleration, g, at the lift-

off. Moreover, the z-axis CoM velocity at this instant

determines the flight time period; therefore, we need

a certain lift-off velocity which can be calculated by

considering the planned flight time period. Hence, it is

possible to determine two of the boundary conditions:

lift-off velocity and acceleration, namely, żlo and z̈lo.

Due to projectile motion dynamics, the z-axis CoM

trajectory follows a parabola during the flight phase.

Because of this fact, the z-axis CoM acceleration is

equal to g at the touch-down. By the same token, the

touch-down velocity is equal to lift-off velocity in am-

plitude but opposite in direction. This fact allows us to

determine two of the boundary conditions: touch-down

velocity and acceleration, namely, żtd, z̈td.

To obtain a symmetrical pattern, touch-down and

lift-off positions are kept the same for the z-axis: ztd =

zlo = za; see Fig. 2. We also assign a position at the bot-

tom, zb, to ensure a smooth trajectory since the touch-

down and lift-off velocities are equal in magnitude but
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Fig. 2 The main instants during a complete jumping cycle. The support phase is defined between touch-down and lift-off,
and the flight phase is defined between lift-off and touch-down.

have opposite directions. One can assign these position

values by considering the joint angle limits and kine-

matic structure.

In light of these facts, we can assign 7 boundary

conditions, namely, z-axis CoM position, velocity, ac-

celeration at the lift-off (zlo, żlo, z̈lo), z-axis position at

the bottom (zb), z-axis position, velocity, acceleration

at the touch-down (ztd, żtd, z̈td). With these 7 con-

straints in mind, we utilized 6th order polynomials to

synthesize smooth and time-varying z-axis CoM trajec-

toies to ensure jumping conditions.

At the beginning of an experiment, the initial con-

dition is the bottom instant at which initial velocity

and acceleration are zero. Similarly, the robot can be

stopped after exhibiting a number of jumps by assign-

ing the bottom instant as the terminal condition with

zero velocity and acceleration.

3.1.2 Horizontal CoM Trajectory Generation

To meet the dynamic balance criterion, the ZMP con-

cept is utilized in x-axis trajectory generation [55]. Since

TTI-Hopper is a planar robot, its motion is constrained

in x-z plane and only the x-axis ZMP needs to be ana-

lyzed [47].

mXzmp(z̈ + g) = mx(z̈ + g)−mzẍ− L̇y (2)

In (2), x and z are the x-axis and z-axis components

of the CoM trajectory, m is the total mass, Xzmp is the

x-axis ZMP, and Ly is the pitch axis angular momentum

that is associated with the rotational inertia. In short,

the term L̇y refers to rotational motion while the other

terms arise due to inertial forces.

While defining the ZMP, the conventional approach

is to make use of an inverted pendulum model with a

point mass and a massless telescopic leg [20]. Despite its

practical value, it cannot characterize rotational inertia;

therefore, the term L̇y is often omitted. However, angu-

lar momentum is an important criteria for the balancing

and its incorporation is of importance [40]. To this end,

researchers propose different pendulum models that can

encapsulate rotational inertia while avoiding the com-

plexity of multi-DoF approaches [43,46,50,51].

Among these approaches, we utilized Eulerian ZMP

Resolution (EZR) method, which assumes an equivalent

pendulum model with a telescopic leg and a single rigid

body located at the pendulum tip [50]; see Fig. 3. This

pendulum is called EZR pendulum. Unlike the usual

physical bodies, the rigid body in EZR pendulum has

a varying rotational inertia. Using the composite rigid

body algorithm, we can calculate the rotational inertia

of the actual robot at each control cycle, then assign

it as the rotational inertia of EZR the pendulum [2].

This allows us to mimic the real robot in terms of ro-

tational inertia characterization, an important feature

that characterizes multi-DoF behavior.

In EZR method, robot CoM is assumed to be ori-

ented in an identical manner to EZR pendulum model.

With this in mind, Ly and L̇y can be calculated as fol-

lows,

Ly = Iyωy = Iy θ̇, (3)

L̇y = Iy θ̈y + İy θ̇, (4)

where Iy is the diagonal element of the rotational in-

ertia associated with y-axis and θ is EZR pendulum

orientation; see Fig. 3. Since Iy varies with respect to

joint configuration, its time derivative is nonzero and

needs to be computed in each cycle. Recall that TTI-

Hopper is a planar robot; therefore, the Euler’s motion

equations are boiled down to (3).

To express the ZMP equation as a whole, we utilize

the polar coordinates (r, θ) as depicted in Fig. 3.
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Fig. 3 Implementation of Eulerian ZMP Resolution method
to TTI-Hopper. In this model, the robot is considered to be a
single rigid body with a varying rotational inertia. The robot
CoM is considered to be oriented identically with respect to
this rigid body. Its rotational inertia is updated in each con-
trol sample.

x = r sin θ (5)

z = r cos θ (6)

As explained in previous subsection, defining the z-

axis CoM trajectory is of importance to ensure jumping

conditions. Hence, we find it useful to employ the co-

ordinates (z, θ). With this objective at hand, x and ẍ

can be expressed as follows.

x = z tan θ (7)

ẍ = z̈ tan θ + (1 + tan2 θ)(zθ̈ + 2θ̇(ż + zθ̇ tan θ)) (8)

Inserting (4), (7) and (8) to (2), the following motion

equation is obtained.

mXzmp(z̈ + g) = mgz tan θ − θ̈(Iy +Da)

− θ̇(İy +Db)− 2θ̇2Da tan θ (9)

In (9), the following parameters are used to simplify

the computation.

Da = mz2 sec2 θ; (10)

Db = 2mzż sec2 θ (11)

One can arrange (9) in a way to yield θ̈ as below.

θ̈ =
mgz tan θ −mXzmp(z̈ + g)

Iy +Da

− θ̇(İy +Db)− 2θ̇2Da tan θ

Iy +Da
(12)
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Fig. 4 Angular momentum is computed for a simultaneous
squatting-and-swaying motion using EZR and centroidal an-
gular momentum computation algorithm [56].

Equation (12) can be solved numerically to synthe-

size θ trajectory in case the following parameters are

provided.

– Initial conditions: θtd and θ̇td; see subsection 3.2.

– Support time and flight time periods: Ts and Tf .

– Vertical CoM trajectory: Since z is synthesized via

polynomials, z, ż, and z̈ are readily available.

– Rotational inertia: Iy and İy are computed at each

sampling period [2].

– Reference x-axis ZMP: Xzmp.

Having computed θ trajectory, one can use (7) to ob-

tain x-axis CoM trajectory. This procedure allow us to

utilize ZMP-based trajectory generation in which the

rotational inertia and corresponding angular momen-

tum rate change are characterized.

To validate that the proposed trajectory genera-

tor can characterize angular momentum accurately, we

computed angular momentum using (3) and experimen-

tally compared it with the centroidal angular momen-

tum algorithm proposed by Wensing and Orin [56]. For

this comparison study, the robot squatted with an am-

plitude of 28 cm and a frequency of 1 Hz while addi-

tionally swaying back and forth. The results are dis-

played in Fig. 4, where dotted red and solid blue lines

show angular momentum variations for the proposed

method and centroidal angular momentum computa-

tion, respectively.

As may be observed, both methods output very

similar variations, and therefore, we conclude that the

proposed method can characterize the angular momen-

tum of a multi-DoF system adequately. Considering the

centroidal angular momentum algorithm as the ground

truth, the root mean square of the approximation error

was less than 0.02 Nms. Furthermore, the computation

time was decreased by a factor of nearly 14.
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3.2 Flight Phase Trajectory

During a flight phase, the robot is subject to projectile

motion dynamics. It has no contact with the environ-

ment and therefore the ZMP is undefined. See Fig. 2

for an illustration of a flight phase.

3.2.1 Vertical CoM Trajectory

The CoM simply follows a parabola formulated below,

z = za + żat−
1

2
gt2, (13)

where za and ża are lift-off position and velocity, amd t

denotes time. To preserve the symmetry, the lift-off po-

sition and velocity are assigned as zlo = za and żlo = ża;

see Fig. 2. One can also generate vertical foot trajec-

tory zf to retract the leg while the robot is in the air;

yet, we did not consider it in this study.

3.2.2 Horizontal CoM and Foot Trajectories

When the robot is in the air, the translational momen-

tum through x-axis is conserved. Because this fact, x-

axis CoM velocity remains constant and it is equal to

horizontal lift-off velocity. With this piece of informa-

tion, x-axis CoM trajectory can be calculated as in the

following.

ẋ = ża tan θa + zaθ̇a(1 + tan2 θa) (14)

x = za tan θa + ẋt (15)

Recall that θ angle at the lift-off is equal to θa; see

Fig. 2. From the same figure, one can observe that θ an-

gle at the touch-down is set as θtd = −θa, for purpose

of symmetrical motion planning. At the apex, i.e., in

the middle of flight phase, θ angle is zero. Using these

3 boundary conditions, one can generate a θ angle tra-

jectory via a parabola. Since the instant of touch-down

is the initial condition for the next support phase, we

set θtd and θ̇td values as initial conditions to solve the

differential equation given in (12).

In order to attain a successful landing, the foot must

be progressively translated beyond the CoM; see Fig. 2.

Using the previously generated x, z, zf and θ parame-

ters, we can synthesize x-axis foot trajectory.

xf = x− (z − zf ) tan θ (16)
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Fig. 5 An admittance control scheme was implemented for
managing the position-force control trade-off. The robot-
environment interaction is demonstrated at the joint level.

4 Admittance Control

As disclosed in Section 2, the joints of TTI-Hopper are

actuated via brushless DC motors with 1:100 gear ra-

tio strain wave gears. This conventional approach en-

ables us to avoid backlash problem; yet, the high out-

put mechanical impedance impedes the system’s abil-

ity to cope with force constraints that may arise due

environmental interactions, e.g., touch-down impacts.

With this limitation in mind, we implemented admit-

tance control to handle physical interactions with the

environment.

Fig. 5 displays the implemented controller, where

Kp, Kv and k, b are diagonal matrices that store PD

control and admittance control gains. M(q), C(q, q̇),

G(q) and Fr(q̇) denote inertia, Coriolis and centrifu-

gal, gravity and joint friction terms, respectively. F

and q parameters stand for interaction force at the foot

and joint displacement vectors. The robot-environment

interaction is demonstrated at the joint level: qe, De

and Ke stand for environmental displacement, damp-

ing, and stiffness, respectively. Note that the measured

force reflects on the robot dynamics by means of envi-

ronmental interaction.

The underscript ref refers to reference values, while

measured quantities have no underscript. Jc is the Jaco-

bian matrix defined between the CoM and foot center,

Tcm is the command torque, qc is the output of the ad-

mittance controller, Tc is the torque that corresponds

to measured force error F , Tref is the torque that cor-

responds to reference force Fref , T is the actual torque

that corresponds to measured contact force F , s is the

Laplace variable.

The rationale behind the synthesis of such a con-

troller is the lack of torque-controllability at robot joints,

since the robot is stiff-by-nature due to use of conven-

tional actuators with high mechanical output impedance.
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However, position control can be attained with the help

of high gain position control loop. Moreover, the con-

troller bandwidth can be further extended with the help

of dynamics and friction compensation. When the robot

is physically interacting with the environment, e.g., sud-

den contact changes or touch-down impacts, the force

error increases. In this case, the admittance controller

generates qc which is the angular displacement that cor-

respond to force error. As a secondary feedback via qc,

we construct a force loop which increases the compli-

ance to contend with force errors.

In other words, the joint reference qref is updated

for about qc radians to diminish force error; qref :=

qref − qc . When there is no force error, e.g., when the

robot is in flight phase or standing still, qc becomes zero

and position control is automatically prioritized. This

way, the compliance is actively increased only when nec-

essary, in particular, to handle physical interactions.

Joint angle reference qref is generated by the al-

gorithm disclosed in Section 3. Force reference during

support phase Fref is calculated using the reference val-

ues [23]. The corresponding joint force references are

then calculated using the CoM Jacobian.

Fzref = m(z̈ref + g) (17)

Fxref = (xref −Xzmpref )
Fzref

zref
(18)

Tref = Jᵀ
c

[
Fxref

Fzref

]
(19)

4.1 Friction and Dynamics Compensation

Using an inverse dynamic algorithm [35], we compute

the necessary torques to implement computed torque

control; see Fig. 5. Furthermore, friction characteris-

tics of each joint are identified using the disturbance

observer-based method reported in [53]. As an exam-

ple, friction characteristics of hip joint is depicted in

Fig. 6 where solid blue and dotted red lines indicate the

experimental data and identified model, respectively.

Having identified friction characteristics for each joint

separately, friction compensation torques are added to

the system as illustrated in Fig. 5.

4.2 Inequality Constraints

The generated torque command is subject to the fol-

lowing actuator limitations.

T− < Tcmd < T+; q− < qref < q+; q̇− < q̇ref < q̇+(20)

0.4
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Fig. 6 Experimental friction data vs. identified friction
model.

In (20), the subscripts − and + denote minimum

and maximum actuator limits. We set the trajectory

parameters and controller gains in a way that (20) is

not violated. Furthermore, when the vertical force is

greater than a threshold, the robot is in contact with

the ground: Fz > ε. In this case the following inequali-

ties must be satisfied to avoid slippage:

√
F 2
x + F 2

y < µsFz; Mz < µsFz (21)

where Fx, Fy and Fz are contact forces along the x,

y, and z axes, Mz is the induced yaw moment, µs is

the static friction constant between the foot and the

environment. In the case of TTI-Hopper, we employed

custom-made rubber pads such that µs is sufficiently

large to satisfy this condition.

4.3 Stability

The robot dynamics can be expressed as follows:

M(q)q̈ + C(q, q̇)q̇ +G(q) + Fr(q̇) = Tcm + T, (22)

where measured torque due to environmental interac-

tion is T = −De(q̇) + Ke(qe − q). Here, it is assumed

that the environment is stationary, i.e., q̇e = 0. The

command torque Tcm is designed as below:

Tcm = M(q)q̈ref + C(q, q̇)q̇ref +G(q) + Fr(q̇) + ξTref

+ Kv(q̇ref−q̇c−q̇) +Kp(qref−qc−q). (23)

In (23), ξ is a diagonal matrix whose elements are

defined as ξ[i,i] = Kvi

bi
; the underscript i indicates the

joint number (i = 1, 2, 3). The admittance controller

output qc is related to actual torque via Tc = Tref−T =

kqc + bq̇c. In this condition, the Lyapunov candidate is

determined as in the following.

V =
1

2

(
˙̃q
ᵀ
M(q) ˙̃q + q̃ᵀKpq̃ + qᵀβKeq + q̂ᵀP q̂

)
, (24)
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in which q̃ = q − qref , ˙̃q = q̇ − q̇ref , and q̂ = [q qe]
ᵀ;

(·)ᵀ indicates matrix transpose. β is a diagonal matrix

which is defined as β = I + ξ and I is a unit matrix.

Furthermore, P is defined as the following matrix.

P =

[
2A −βKe

−Kᵀ
e β

ᵀ 2C

]
(25)

In (25), A is a skew-symmetric matrix and C is a

positive semi-definite matrix. Both A and C are free

parameters that we can assign without any restriction.

The time derivative of V along the trajectories is yielded

as in the following:

V̇ = − ˙̃q
ᵀ
Kv

˙̃q − q̇ᵀβDeq̇ − q̇ᵀrefβT − ˙̃q
ᵀ
γqc, (26)

where γ is a diagonal matrix that defined as γ = Kp −
kξ. If the controller gains are tuned in a way so as to

ensure Kvi

bi
=

Kpi

ki
for each joint, eq. (26) takes the

following form:

V̇ = − ˙̃q
ᵀ
Kv

˙̃q − q̇ᵀβDeq̇ − q̇ᵀrefβT. (27)

Due to the nature of running motion, T remains

bounded, and q̇ref is bounded by design. Thus, q̇ᵀrefβT

is bounded. The derivative of the Lyapunov function is

negative definite when the following inequality is satis-

fied:

λmn(Kv)
∥∥ ˙̃q
∥∥2+λmn(βDe)‖q̇‖2>λmx(β)‖q̇ref‖‖T‖ (28)

In (28), λmn(·) and λmx(·) indicate the minimum

and maximum eigenvalues of a matrix, respectively. Based

on this results, we conclude that the controller is asymp-

totically stable when there is no contact motion, i.e.,

T = 0, because V > 0 and V̇ = − ˙̃q
ᵀ
Kv

˙̃q < 0.

The controller is uniformly ultimately stable when

there is contact motion as V and V̇ take the following

forms.

V =
1

2

([
q̃
˙̃q

]ᵀ[
Kp 0

0 M(q)

][
q̃
˙̃q

]
+

[
q

q̂

] [T
βKe 0

0 P

][
q

q̂

])
(29)

V̇ = −
[
q̃
˙̃q

]ᵀ[
0 0

0 Kv

][
q̃
˙̃q

]
−
[
q

q̇

] [T
0 0

0 βDe

][
q

q̇

]
−q̇ᵀrefβT (30)

In the light of this analysis, it is observed that both

position and velocity states (q,q̇) and position and ve-

locity errors (q̃, ˙̃q) are bounded. To improve the stability,

Kv gains may be increased so that the convergence rate

of the error gets faster and the radius of the bounded

error gets smaller.

Table 2 PD servo and admittance controller gains.

Kp Kv k b
Hip 50 6 5.5 0.66

Knee 35 5 3.85 0.55
Ankle 20 4.8 2.2 0.53

(a) (b)

Fig. 7 a) Balancing on a moving cart experiment. b) Run-
ning on an inclined surface.

5 Experiment Results

In order to test the viability of the proposed locomo-

tion controller, we conducted a series of experiments

using TTI-Hopper. These experiments can be listed as

follows.

- Experiment #1: TTI-Hopper was placed on a cart.

The cart was pushed back and forth within a certain

range and the frequency of this movement was synchro-

nized via a metronome; see Fig. 7.

- Experiment #2: TTI-Hopper performed a forward

running motion with 8 consecutive jumps on a flat sur-

face. This experiment was conducted twice; with and

without the proposed admittance controller.

- Experiment #3: TTI-Hopper performed a brief

forward running motion 10 consecutive jumps on a flat

surface. This experiment was conducted twice, with and

without the proposed trajectory generation algorithm

EZR. In both experiments, the proposed admittance

controller was used.

- Experiment #4: TTI-Hopper performed a forward

running motion on an inclined surface with a slope of

approximately 9 degrees. The running motion included

13 consecutive jumps; see Fig. 7.

In all experiments, PD gains and admittance con-

troller gains were set to constant values tabulated in

Table 2. The controller gains were experimentally set

in accordance with the standard rules; stability, track-

ing performance, and non-excitation of unmodeled non-

linear dynamics. The sampling frequency was 1 kHz.

Running locomotion parameters are assigned as follow:

stance and flight time windows were 0.2 (s) and 0.18

(s), forward displacement was 1.5 (cm) and foot clear-
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Fig. 8 X-axis ZMP responses when the robot was instructed
to keep its balance on a moving cart, experiment #1.

ance was 2.5 (cm). Inspired by the natural center of

pressure variation in running locomotion [12], the ref-

erence x-axis ZMP was defined using a linear function

between the touch-down and lift-off instants. The initial

and final values of this reference is -3 (cm) and 3 (cm),

respectively. These values are assigned by leveraging the

forward velocity vs. dynamic balance trade-off.

Note that there is no upper limit for consecutive

jumps while TTI-Hopper runs forward. It is kept lim-

ited for a clearer view. Reader can refer to the multime-

dia attachment to view further scenes from experimen-

tal studies, e.g., running on a flat surface, running on an

inclined surface, balancing on a moving cart, balancing

on a platform which is abruptly dropped.

5.1 Experiment #1: Balancing on a Moving Cart

To demonstrate balancing abilities within the presence

of continuous disturbances, TTI-Hopper was placed on

a moving cart which was pushed back and forth with a

certain range; see Fig. 7-(a). The cart movement period

was approximately 3 seconds and this was attained via

a metronome. The robot was instructed to maintain its

balance.

In Fig. 8, x-axis ZMP responses are depicted as

the main result. The solid blue and red lines stand

for ZMP responses for the proposed admittance con-

troller and for the conventional controller [36], respec-

tively. Support polygon boundaries are indicated via

dashed green lines. In case the conventional controller

was used, the measured ZMP often reached the support

polygon boundaries. That led to situations where the

robot could not properly maintain its balance and tip

over, see shaded pink areas. In contrary, the proposed

admittance controller enabled the robot maintain its

balance despite the applied continuous disturbance. In

conclusion, it is observed that the active compliance

property that is introduced by the proposed controller

is superior to the conventional ZMP feedback in terms

disturbance attenuation.
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Fig. 9 Experiment #2 results: a) GRF variatons, b) x-axis
ZMP, c) torso angle rates.

5.2 Experiment #2: One-Legged Running on a Flat

Surface

The forward running capability of TTI-Hopper was tested

in this experiment, in which the robot was instructed

to perform 8 consecutive forward jumps. Similar to the

case in experiment #1, the experiment was conducted

twice: a) with the proposed admittance controller, b)

with the conventional controller [36]. The proposed tra-

jectory generation algorithm was used in both cases.

The results are presented in Fig. 9, in which the

solid blue and red lines indicate variations from the pro-

posed and conventional controllers, respectively. Fur-

thermore, the robot could not maintain its balance and

tipped over after the 3rd touch-down instant; therefore,

the corresponding data are not displayed after that mo-

ment.

Vertical GRF variations can be observed in Fig.

9(a), in which zero vertical GRF levels are indicative

of successful flight phases. In this figure, the reference
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Fig. 10 Hip angle trajectories, experiment #2. The admit-
tance controller updates the reference trajectory in a way so
as to contend with contact force errors. The updated reference
is qref := qref − qc.

force is indicated via a dashed green line. In case the

proposed controller was used, TTI-Hopper was able to

perform 8 consecutive forward jumps. At the touch down-

instants, GRF peaked up to 200 N. In the case of con-

ventional controller, the GRF peaks seemed less; how-

ever, this was due to improper foot landing as one or

two sensors could not have a contact with ground.

The CoM height variation was computed using on

board sensors and projectile dynamics and it is plot-

ted in Fig. 9(b). This result suggests that the CoM

height was kept around 27.2 cm with ±0.1 cm varia-

tion throughout the entire whole locomotion period.

ZMP measurement is depicted in Fig. 9(c), where

the upper and lower boundaries were shown using dashed

green lines. The data clearly shows that the ZMP reaches

to the upper boundary following the 3rd touch-down

instant in case the conventional controller was used.

When the proposed controller was used, the ZMP var-

ied between 0-3.1 (cm) and always stayed within the

boundaries, adequately demonstrating the fact that the

robot maintained its balance during running. Note that

the ZMP is undefined when the robot is in the air, thus,

such portions of data are indicated with yellow rectan-

gles.

Another useful property of the proposed controller

is the ability to increase the compliance so as to han-

dle ground impacts. When the robot is not able to do

so, the impact is transmitted to the upper body and

it may lead to undesired torso movements. This could

be observed in Fig. 9(d); the robot torso showed large

movements when the conventional controller was used.

Torso rate was measured to be up to 17 (deg/s). When

the proposed controller was used, the robot exhibited

a compliant behavior, and as a result, the torso move-

ment was well contained. It varied between 0-3 (deg/s).

As previously explained, the joint angle reference

trajectories are updated via the secondary feedback sig-
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Fig. 11 Experiment #3 results. Mean±SD for ZMP error
and torso angle rate for 10 consecutive jumps.

nal qc, so as to contend with contact forces. Indeed, this

property is more prominent during touch-down and the

subsequent stance phases. In Fig. 10, reference hip an-

gle trajectory (qref , dotted green), measured hip an-

gle (q, solid red) and the updated hip angle trajec-

tory (qref − qc, solid blue) are plotted. Indeed, when

there is no contact force, i.e., when the robot is in the

flight phase, qc converges to zero, therefore, q tracks

qref . When the robot is in contact with the ground and

force error increases due to touch-down, the qc signal

updates the original reference (qref := qref−qc) so that

the robot can handle the contact in compliant manner

to achieve balancing running locomotion. This time, q

tracks the updated reference.

5.3 Experiment #3: One-Legged Running with and

without the Proposed Trajectory Generator: EZR

To observe the effect of the proposed trajectory gener-

ator EZR, we ran one-legged running experiments on

a flat surface in which the robot continuously jumped

forward for 10 times. The experiment was conducted

twice: i) using the proposed trajectory generator EZR,

and ii) using a conventional ZMP-based trajectory gen-

eration [25]. In both cases, the proposed admittance

controller was employed.

In both cases, the robot successfully completed the

running motion. Therefore, we conclude that the pro-

posed admittance controller is the essential element in

ensuring stable and continuous running motion. To in-

vestigate further, mean±SD (Standard Deviation) val-

ues of ZMP error and torso angle rate were plotted for
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Fig. 12 GRF response and x-axis ZMP variations, experi-
ment #4.

10 consecutive forward jumps; see Fig. 11. In this fig-

ure, purple and green areas indicate variations for the

conventional and proposed EZR methods, respectively.

Although the mean values varied similarly, the variation

of ZMP error and torso angle rate was more constrained

when the proposed trajectory generator EZR was used.

We argue that this is due to the fact that EZR is able

to characterize rotational inertia and the associated an-

gular momentum during trajectory generation, an im-

portant capability in postural balancing. Therefore, it

led to more dynamically consistent trajectories.

5.4 Experiment #4: One-Legged Running on an

Inclined Surface

To challenge the forward running capability of TTI-

Hopper, it was placed on an inclined surface with a

slope of 9 degrees; see Fig. 7(b). Torso angle was bent

forward so as to ensure the static balance before it

started running. All the other running parameters were

kept the same as in the case of experiment #2. The

robot performed 13 consecutive forward jumps. The re-

sults are displayed in Fig. 12.

Ground reaction force response and reference are

plotted in Fig. 12(a). As may be observed, zero GRF

levels indicate successful foot clearances. Moreover, GRF

peaks showed a variance between 250-320 N, causing a

force error. This is due to the challenging nature of the

experiment, as the environment information was not

taken into account. It was the active compliance prop-

erty of the proposed controller to ensure balanced run-

ning locomotion. Therefore, the uncertainty that was

introduced to the system in this experiment caused such

a variation.

The CoM height is plotted in Fig. 12(b), in a similar

fashion to that of Fig. 9(b). The CoM height was ob-

served to vary around 27.2 cm with ±0.1 cm variation

throughout the entire whole locomotion period.

ZMP measurement is depicted in Fig. 12(c), where

dashed green lines indicate the upper and lower limits

of the error. ZMP response is undefined when there is

no contact, therefore, the data is during the flight phase

is not plotted; see yellow rectangular areas. The ZMP

always remained within the support polygon and this

proves that the robot was able to perform running on

an inclined surface while maintaining its dynamic bal-

ance. Yet, the ZMP seemed to be closer to the upper

bound towards. This is due to the fact that the torso

was bent forward to keep the static balance on the in-

clined surface.

6 Concluding Remarks

In this paper, we proposed an admittance controller and

a trajectory generator to achieve stable running loco-

motion using an untethered one-legged robot with con-

ventional actuators. Thanks to the active compliance

provided by the proposed controller, the robot is able

to handle contact forces, especially at the moment of

touch-down. Trajectory generator EZR is able to char-

acterize angular momentum, therefore, it provides more

dynamically consistent CoM trajectories when compared

to conventional trajectory planners.

The proposed controller manages the position-force

trade-off by means of admittance gains; the position

tracking is compromised when there is only force error

due to contact. This property enabled us to success-

fully demonstrate balancing under various disturbances

and running locomotion on flat and inclined surfaces.

Furthermore, the stability of the balance controller was

mathematically investigated in the sense of Lyapunov

and the inter-relation between the PD and admittance

controller gains were demonstrated.

The proposed methodology was tested using an un-

tethered one-legged robot, powered via conventional ac-

tuators. The whole algorithm was executed under 1

kHz sampling without any computational overload, it is
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computationally inexpensive. Therefore, the proposed

controller may be applied as a mid-level trajectory con-

troller for a general class of legged robots that aim to

handle contacts compliantly.

The studies in model predictive control and trajec-

tory optimization showed that the legged locomotion

control can be interpreted by means of an optimiza-

tion problem such that trajectory parameters and con-

trol gains can be optimally assigned [38]. Using a sim-

ilar approach, it is possible to synthesize locomotion

controllers by considering the actuator limitations and

friction cone [41]. With the help of the state-of-the-art

computers, these algorithms can be executed in real-

time in the order of 2.5-10 ms. In our next work, we

will develop an optimization algorithm which can be

included within a high-level controller on top of the pro-

posed method, so that controller gains and trajectory

parameters can be tuned for improved performance.

Another improvement can be made concerning the

Cartesian-space tracking control. Although joint-space

tracking is attained well, a Cartesian-space controller

may be necessary to ensure the targer jumping height

and length constraints. To this end, state estimators can

be integrated and their output may be assessed within

a high-level controller to ensure Cartesian trajectory

regulation [5, 16,21].

Appendix: Derivation of the Lyapunov Function

As previously explained, the admittance controller was

expressed as Tref − T = kqc + bq̇c. This expression can

be rearranged as follows:

q̇c = µ(Tref − T )− νqc (31)

Kv q̇c +Kpqc = ξTref − ξT − (kξ −Kp)qc (32)

In (31), µ and ν are diagonal matrices that are de-

fined as µ[i,i] = 1
bi

and ν[i,i] = ki

bi
. Using the torque

command signal given in (23), the dynamics of the sys-

tem may be reduced to the following form:

M(q)¨̃q = −C(q, q̇) ˙̃q −Kv
˙̃q −Kpq̃ −Kv q̇c −Kpqc

+ ξTref + T, (33)

where q̃ = q−qref . Combining (32) with (33) yields the

following:

M(q)¨̃q = −C(q, q̇) ˙̃q −Kv
˙̃q −Kpq̃ + βT − γqc. (34)

In (34), β = I+ξ and γ = Kp−kξ. Recall that T =

−Deq̇−Ke(qe−q), due to environmental interaction. If

we utilize this information, (34) can take the final form

stated below.

M(q)¨̃q = −C(q, q̇) ˙̃q −Kv
˙̃q −Kpq̃ − βDeq̇

− βKe(qe − q)− γqc. (35)

First, we use the following Lyapunov function can-

didate:

V1 =
1

2
˙̃q
ᵀ
M(q) ˙̃q +

1

2
q̃ᵀKpq̃ (36)

The time derivative of (36) can be expressed as be-

low:

V̇1 = − ˙̃q
ᵀ
Kv

˙̃q − ˙̃q
ᵀ
βDeq̇ − ˙̃q

ᵀ
βKe(q − qe)− ˙̃q

ᵀ
γqc (37)

= − ˙̃q
ᵀ
Kv

˙̃q − q̇ᵀβDeq̇ − q̇ᵀβKe(q − qe)− ˙̃q
ᵀ
γqc

+ q̇ᵀrefβDeq̇ + q̇ᵀrefβKe(q − qe) (38)

= − ˙̃q
ᵀ
Kv

˙̃q − q̇ᵀβDeq̇ − q̇ᵀβKeq + q̇ᵀβKeqe

− ˙̃q
ᵀ
γqc + q̇ᵀrefβT. (39)

As the next step, we introduce the following Lya-

punov function:

V2 = V1 +
1

2
qᵀβKeq. (40)

We can differentiate (40) as below.

V̇2 = q̇ᵀrefβT− ˙̃q
ᵀ
Kv

˙̃q−q̇ᵀβDeq̇+q̇ᵀβKeqe− ˙̃q
ᵀ
γqc (41)

Finally, we introduce the Lyapunov function given

in (24), which can be expressed in terms of V2.

V = V2 +
1

2
q̂ᵀP q̂ (42)

As stated previously, q̂ = [q qe]
ᵀ and P was given in

(25), which included a skew-symmetric matrix A and

a positive semi-definite matrix C, i.e., C ≥ 0. Its time

derivative is computed as follows.

V̇ = V̇2 +
d

dt

(
1

2
q̂ᵀP q̂

)
(43)

Before computing the derivation of (27) based on

(43), we begin by proving the positive definiteness of
1
2 q̂

ᵀP q̂.

1

2
q̂ᵀP q̂ =

1

2

[
q

qe

]ᵀ [
2A −βKe

−Kᵀ
e β

ᵀ 2C

] [
q

qe

]
(44)

= qᵀeCqe − qᵀβKeqe (45)
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C is a free design parameter such that the inequality

qᵀeCqe ≥ qᵀβKeqe holds true. Therefore, the Lyapunov

function V given in (24) is positive definite.

As the next step, we derive (27) by showing that
d
dt

(
1
2 q̂

ᵀP q̂
)

= −q̇ᵀβKeqe. To do so, the first time deriva-

tive of (45) is yielded.

d

dt

(
1

2
q̂ᵀP q̂

)
= q̇ᵀeCqe+qᵀeCq̇e−q̇ᵀβKeqe−qᵀβKeq̇e(46)

Since the environment is stationary, i.e., q̇e = 0,
d
dt

(
1
2 q̂

ᵀP q̂
)

= −q̇ᵀβKeqe holds true. Therefore, Lya-

punov function V and its time derivative are obtained

as stated in (24) and (26). When the controller gains

are assigned as Kvi

bi
=

Kpi

ki
for each joint, (26) is reduced

to (27).
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