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An Online Inertial Parameter Identification Framework with

Complete Physical Consistency: Lower-Body Exoskeleton Use Case
Ahmed Fahmy Soliman1, Patrick M. Wensing2, and Barkan Ugurlu3

Abstract—This paper presents a real-time inertial parameter
identification algorithm for physically consistent real-time hu-
man–robot system modeling. The algorithm is implemented for
execution on on-board robot computers, producing physically
plausible parameter estimates suitable for direct use in model-
based exoskeleton–human interaction control. By combining
noise-robust regression with a physically constrained optimiza-
tion structure, the method remains effective across contact tran-
sitions and dynamically changing interactions. The identification
problem is solved online through recursive semidefinite program-
ming, allowing parameters to be updated continuously without
sacrificing real-time performance or physical validity. The pro-
posed algorithm was validated in both simulation and hardware
experiments. In simulation, a 40 kg underactuated exoskeleton
interacting with twelve anthropomorphic human models (66–102
kg) was evaluated. Hardware experiments further demonstrated
performance during self-balancing squatting motions of varying
amplitudes using a bipedal exoskeleton with a dummy manikin.
Across all scenarios, the proposed framework achieved improved
computational efficiency and estimation accuracy compared to
existing methods, while consistently preserving the physical
consistency of the identified parameters.

Note to Practitioners— Lower-limb exoskeletons are
increasingly used in rehabilitation, industrial assistance,
and logistics to reduce physical workload and improve
mobility. A major challenge in deploying such systems
at scale is the large variability in user body properties,
which can significantly degrade the performance of
model-based control algorithms when inaccurate models
are used. To this end, this work presents a real-time
inertial parameter identification method that estimates
the human–exoskeleton model parameters in real-time
during normal operation. The proposed approach runs in
real-time on on-board hardware, requires no dedicated
excitation motions, and maintains physically consistent
model parameters. From a practitioner’s perspective,
this enables faster system setup, reduces commissioning
effort, and improves control robustness across different
users. The method is particularly suitable for locomotion
tasks, e.g., walking and squatting, in both assistive and
power-augmentation scenarios. Beyond exoskeletons, the
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method has strong potential to benefit robotic systems
involving changing payloads or physical human–robot
interaction.

Index Terms—Inertial parameter identification, Physical con-
sistency, Wearable robots, Recursive least squares, Semidefinite
programming.

I. INTRODUCTION

Advances in wearable technologies have led to the develop-
ment of lower-limb exoskeletons for gait assistance, offering
the potential to improve the quality of life for individuals in
general [1], [2]. A major control challenge in these robots
arises from increased modeling uncertainty due to the inertial
properties of human users [3]. To address this issue, various
robust controllers have been proposed [4], [5]; however, they
are typically designed for specific functions, e.g., trajectory
tracking, and may not fully accommodate other use cases for
model-based control.

With the emergence of wearable robotics, the demand for
user-specific model-based control techniques is expected to
increase. Thus, this paper contributes to this area by addressing
key challenges in robust and real-time inertial parameter
identification for wearable robots, e.g., exoskeletons. The
remainder of the paper is organized as follows. After a concise
literature review and an outline of the paper’s contributions,
Section II presents the preliminaries on inertial parameter
identification. Section III introduces the computation of the
filtered regressor, the identifiable parameters tracking algo-
rithm (IPTA), and the development of a recursive optimization
solver. The simulation and experimental results are presented
and discussed in Section IV. Finally, the paper is concluded
in Section V.
A. State-of-the-Art

In response to the increasing demand for personalized model
based controllers for exoskeletons, inertial parameter iden-
tification techniques have gained renewed attention [6]. A
seminal contribution by Atkeson et al. [7] established that
the dynamics of a robot can be rearranged into a form that
linearly relates measured joint forces to inertial parameters,
i.e., mass, center of mass position, and inertiae of individual
links. These parameters could then be estimated using a least
squares formulation. Building on this linear formulation, more
recent works have introduced modern identification strategies
that enhance robustness, numerical stability, and applicability
to a wide range of robotic systems [8]–[14].

Historically, two main factors have posed challenges for
parameter identification procedures. The first challenge is
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the limitation of parameter excitability due to robot joint
constraints [15] and identification trajectories [16], [17], which
directly affects the determination of identifiable parameters.
These parameters can be obtained either symbolically [18]–
[20] or numerically using decomposition methods [7], [21].
The second challenge is the requirement for complete physical
consistency [22], which ensures that inertia tensors are not
only positive definite but also satisfy the so-called triangle
inequalities. In [9], Wensing et al. addressed these inequalities
using a linear matrix inequality (LMI) applied to a 4 × 4
pseudo-inertia matrix. A semidefinite programming (SDP)
framework can then be employed to enforce the positive
definiteness of this matrix.

A great majority of parameter identification algorithms face
challenges when applied to legged robots. The absence of a
fixed base introduces complexities such as unactuated virtual
joints, contact phase variations [23], and the necessity of force
sensing for all joints and contact points. In response to this
matter, several identification algorithms have been developed
to reduce the number of measurement requirements [24],
[25]. While influential studies have demonstrated promising
results [9], [13], [14], [22], [24], they are often implemented
in offline settings, prioritizing accuracy over computational
efficiency. Consequently, data collection must be performed
prior to actual use of a given system. Though this approach
may be suitable for humanoid and quadruped robots, it may
not be practical for exoskeleton applications, as requiring
each human user to complete a dedicated data collection
session, particularly with specific excitation trajectories, can
be impractical. To overcome this limitation, we envision an
identification framework capable of continuously estimating
human-robot inertial parameters during nominal operation,
without requiring dedicated excitation trajectories or a separate
calibration phase.

In response to this matter, Zhang et al. present a real-
time, safety-critical system identification framework that com-
bines real-time parameter estimation with ARMOUR-based
receding-horizon excitation planning using degree-5 Bézier
trajectories [26]. However, the method relies on a dedicated
pre-task identification phase with purposefully exciting mo-
tions. Therefore, it may not address the need for estimating
human-exoskeleton lumped inertial parameters continuously
during nominal operation without requiring separate excitation
trajectories or an identification stage.

In a seminal work, Ayusawa et al. proposed an algorithm
in which each rigid body is approximated using a finite set
of point masses at fixed locations relative to each body’s
body-fixed reference frame [8], [27]. By enforcing all masses
must be positive, they ensure that the resulting parameters
are physically consistent [8]. Their algorithm supports real-
time implementation and has served as a basis for other
studies where researchers estimated the robot payload [28]
and implemented model-based locomotion controllers [25].
Despite yielding promising results, it has two inherent lim-
itations: i) The selection of the number of point masses and
their positions is heuristic. ii) While ensuring positive point
masses guarantees compliance with the triangle inequalities
[22], relying on point mass can be limiting. Increasing the

number of point masses can slow computations and lead
to more challenging conditioning. We defend that working
directly with the inertial parameters, without imposing a point
mass decomposition a priori, can be more beneficial.
B. Motivation and Contributions

A key limitation of most existing inertial parameter identifi-
cation methods is that they require either complete datasets
to be collected before deployment for offline identification
or dedicated excitation trajectories to be executed during a
separate calibration phase. Consequently, parameter identifica-
tion is typically not performed during normal operation.While
such approaches may be acceptable for industrial manipu-
lators or legged robots, they are impractical for wearable
exoskeletons which must accommodate different users without
exhaustive pre-use calibration procedures. This limitation is
particularly restrictive for emerging self-balancing lower-limb
exoskeletons [29]–[32], where reliable model identification
during natural activities (e.g., walking, sit-to-stand, squatting)
is essential for safe and adaptive human-robot interaction. As
a result, there is a clear need for identification frameworks
that estimate coupled human-robot inertial parameters during
nominal operation.

In response to this matter, this paper proposes a real-
time inertial parameter identification framework for floating-
base systems under time-varying contact conditions. The
proposed framework enables physically consistent and nu-
merically stable estimation of coupled human-exoskeleton
parameters during nominal operation, removing the need for
offline calibration or dedicated excitation. Physical consis-
tency constraints are explicitly enforced while maintaining
computational tractability for real-time use. To the best of
our knowledge, no existing approach simultaneously supports
real-time execution, freedom from pre-task calibration, com-
plete physical consistency, and ability to handle time-varying
contacts. Therefore, this paper aims to fill this critical gap in
the literature.

The proposed framework achieves this through a synergistic
integration of three key components: (i) a novel identifiable-
parameters tracking algorithm (IPTA) that monitors and im-
proves regressor conditioning online to ensure numerical sta-
bility and convergence; (ii) a reformulated filtered regressor
approach for real-time identification, eliminating the need
for acceleration measurements and improving robustness to
measurement noise and contact switching; and (iii) a re-
cursive semidefinite programming (SDP) scheme solved via
an interior-point method that enforces physical feasibility,
including triangle inequalities, at every update step. These
components are tightly integrated to handle the core challenges
of real-time human-exoskeleton identification, namely inter-
mittent and unknown contact conditions, limited excitation
during natural motions, and the requirement for physically
valid estimates from the initial time steps. The proposed
approach is validated through simulation and hardware exper-
iments with a particular focus on a lower-body exoskeleton
platform [30].
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II. PRELIMINARIES

A. Rigid-Body Dynamics

The dynamics of a floating-base rigid-body system can be
expressed as

M(q)q̈+ h(q, q̇) = f , (1)
where M(q) ∈ Rnd×nd is the mass matrix, h(q, q̇) ∈ Rnd

collects Coriolis, centrifugal, and gravitational terms, and f ∈
Rnd denotes the generalized forces. The latter can be written
as

f = S⊤τ + Jc(q)
⊤λc, (2)

where τ ∈ Rnr are the actuated joint torques, λc ∈ R6nc are
external contact wrenches, S is the actuation selection matrix,
and Jc(q) is the contact Jacobian.

Following Atkeson et al. [7], the dynamics in (1) are linear
in the inertial parameter vector π ∈ R10nb . Stacking ns

measurements yields the regressor form

Y(q, q̇, q̈)π = fs, (3)

where Y(·) is the inertial regressor and fs collects the gener-
alized forces across samples.

Inertial parameter identification can then be formulated as
the following constrained least-squares problem:

π̂ = argmin
π∈R10nb

∥Y(q, q̇, q̈)π − fs∥2

s.t. mb > 0, Icb(π) ≻ 0, b = 1, . . . , nb, (4)

where mb and Icb denote the mass and the inertia tensor about
the center of mass of body b, respectively. The vector π =
[π⊤

1 , .....,π
⊤
nb
]⊤, stores the inertia parameters vector of each

body, with each πb ∈ R10 giving the 10 inertial parameters:

πb = [Ib,xx Ib,yy Ib,zz Ib,xy Ib,xz Ib,yz hb,x hb,y hb,z mb]
⊤,
(5)

where, mb represents the mass of body b, hb =
[hb,x hb,y hb,z]

⊤ is first-order mass moment vector, and
Ib,xx, Ib,yy, Ib,zz, Ib,xy, Ib,xz, Ib,yz the components of the iner-
tia tensor Ib about the origin of a body-fixed coordinate frame.
B. Complete Physical Consistency

Beyond positive definiteness of the inertia tensor about the
center of mass (CoM), physically consistent inertial parameters
must also satisfy the triangle inequalities on the principal
moments of inertia [22]. Since the CoM inertia matrix Icb is
symmetric, it admits the eigen decomposition

Icb = ObΛ
c
bO

⊤
b , (6)

where Ob is orthogonal and Λc
b = diag(λc

b,1, λ
c
b,2, λ

c
b,3)

contains the eigenvalues of Icb.
The triangle inequalities require that

λc
b,1 + λc

b,2 > λc
b,3, λc

b,1 + λc
b,3 > λc

b,2,

λc
b,2 + λc

b,3 > λc
b,1, (7)

which impose additional nonlinear constraints on the inertial
parameters.

As shown by Wensing et al. [9], these inequalities can be
equivalently enforced by requiring positive definiteness of the

pseudo-inertia matrix

Jb(πb) =

[
tr(Ib)

2 13 − Ib hb

h⊤
b mb

]
≻ 0, (8)

where tr(•) denotes the trace operator. Enforcing (8) guar-
antees complete physical consistency, including positivity of
mass, positive-definite CoM inertia, and satisfaction of the
triangle inequalities.
C. Identifiable Inertial Parameters

Due to joint constraints and limited excitation, not all inertial
parameters are identifiable from measured data [33]. Following
standard practice [21], we restrict the estimation to the set of
identifiable parameters, comprising the base parameters and
their linearly dependent counterparts, while discarding non-
identifiable parameters corresponding to zero columns in the
regressor.

After removing zero columns and permuting the remaining
ones, the regressor in (3) can be written as

Yiπi = fs, (9)

where Yi = [Yβ Yd] is the identifiable regressor and πi =
[π⊤

β π⊤
d ]

⊤ collects the base and linearly dependent parameters.
A QR decomposition of Yi yields [21]

Yi = Qβ

[
Rβ Rd

]
, (10)

where Qβ has orthonormal columns and Rβ is upper triangu-
lar. This allows the regression model to be rewritten as[

1β K
]
πi = R−1

β Q⊤
β fs, (11)

with K = R−1
β Rd. This transformation improves numerical

conditioning and is exploited by the proposed real-time iden-
tification scheme.

Using (11) together with the physical consistency constraint
(8), the identification problem becomes

π̂i = argmin
πi∈Rni

∥Φπi − f ∥2

s.t. Jb(πi,b) + J0
b ≻ 0, b = 1, . . . , nb, (12)

where
Φ =

[
1β K

]
, f = R−1

β Q⊤
β fs. (13)

The matrix J0
b accounts for the contribution of non-identifiable

parameters and is fixed throughout the optimization. The
parameter ni is the number of identifiable parameters.

III. THE PROPOSED IDENTIFICATION ALGORITHM

A. A Filtered Regressor

The presence of joint accelerations q̈ in (3) requires numerical
differentiation of q̇, which is severely affected by noise. This
can be avoided by employing a low pass filter to the signals
on both sides of (1) [34]. Thus, (1) can be expressed as below:

γ

s+ γ
(M(q)q̈+Yh(q, q̇)π) = ff , (14)

where Yh(q, q̇) represents a linear mapping between, h(q, q̇)
and the inertial parameters. The filtered force vector is ff =
γ

s+γ f . The parameter γ denotes the cutoff frequency. Consider-
ing the impulse response of the first-order filter η(t) = γe−γt,
the first term on the left-hand side of (14) is computed through
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convolution
γ

s+ γ
[M(q)q̈] =

∫ t

0

η(t− ϑ)M(q(ϑ))q̈(ϑ)dϑ. (15)

Assuming zero initial velocities, integrating (15) by parts
yields the following:

γ

s+ γ
[M(q)q̈] = γM(q)q̇

− γ

s+ γ
(Ṁ(q)q̇+ γM(q)q̇). (16)

The inertia matrix can be computed as below [35]:

M(q) = J(q)⊤ I J(q), (17)

where the matrix J(q) ∈ R6nb×nd stores the Jacobian matri-
ces of the bodies; J(q) = [J1(q)

⊤ J2(q)
⊤ .... Jnb

(q)⊤]⊤.
The matrix I ∈ R6nb×6nb is a constant block diagonal
matrix concerning the spatial inertias of the bodies; I =
diag(Is,1, Is,2, ... , Is,nb

) [35]. The spatial inertia Is,b for each
rigid body b can be represented linearly, in terms of the inertial
parameters as follows:

Is,b =

[
Ib S(hb)

S(hb)
⊤ mb13

]
. (18)

The time derivative of (17) can be computed in terms of
Jacobian derivatives J̇(q) such that:

Ṁ(q) = J(q)⊤ I J̇(q) + J̇(q)⊤ I J(q), (19)

where the matrix J̇(q) can be analytically computed using
the method reported in [35]. Thus, the eqs. (19) and (17)
can be represented linearly in terms of the inertial parameters.
Accordingly, (16) can be expressed as follows:

γ

s+ γ
[M(q)q̈] = γYm(q, q̇)π −

[
γ

s+ γ
Ymf (q, q̇)

]
π,

(20)
where Ym(q, q̇), and Ymf (q, q̇) are regressor matrices con-
cerning the terms in (16). Combining (14) and (20), we obtain
the following equation in which the filtered forces are linearly
related to the inertial parameters:

[γYm(q, q̇) +
γ

s+ γ
(Yh(q, q̇)−Ymf (q, q̇))]π = ff . (21)

For convenience, the matrix Yf (q, q̇) is defined such that
Yf (q, q̇) = γYm(q, q̇)+ γ

s+γ (Yh(q, q̇)−Ymf (q, q̇)). Thus,
the filtered dynamics model is given as below:

Yf (q, q̇)π = ff , (22)

From now on the filtered regressor Yf (q, q̇) given in (22)
will replace the conventional regressor Y(q, q̇, q̈), as defined
in (3), for the subsequent analyses and computations.
B. Identifiable Parameters Tracking Algorithm (IPTA)

We consider collecting windows of samples, each consisting
of ns samples. For every ns samples, Yf (q, q̇) and ff are
used to construct Yf ,w(q, q̇), and ff ,w for each window
w ∈ {1, 2, ...,W − 1,W}, where w is the window index
and W is the total number of windows. Consequently, a
larger regressor matrix Yf ,w and filtered force vector f f ,w
are updated as follows:

Yf ,w ≜

[
Yf ,w−1

Yf ,w

]
, f f ,w ≜

[
f f ,w−1

ff ,w

]
,

where
Yf ,wπ = f f ,w. (23)

The large regressor Yf ,w stores the computed regressor
Yf ,w(q, q̇) for each window w. Similarly, f f ,w accumulates
the corresponding filtered force vector ff ,w for each window w.
In this paper, an overline is used to denote variables associated
with the large accumulated regressor Yf ,w, the force vector
across multiple windows f f ,w, the permutation matrix Pw, and
the identifiable parameter vector πw identified through Yf ,w.

In the proposed approach, we do not directly utilize (23)
in our optimization procedure to obtain the estimated inertial
parameters π̂. We propose a sub-algorithm named Identifi-
able Parameters Tracking Algorithm (IPTA) to improve the
optimization robustness and computation overhead. Unlike
conventional optimization algorithms, IPTA enables the es-
timation of only the identifiable parameters, including both
the base and linearly coupled components. In contrast to
retaining unidentifiable parameters and optimizing the conven-
tional torque/force residual, the resulting algorithm primarily
improves the regressor condition number, leading to more
robust optimization features.

IPTA starts by removing the non-identifiable parameters and
excluding their corresponding columns from Yf ,w(q, q̇). Next,
the columns corresponding to the base and linearly coupled
identifiable parameters are rearranged using the following
decomposition method [21]:

Yf ,wPw = Yi,w. (24)

The matrix Pw is a permutation matrix that is used to select the
identifiable parameters and rearrange the columns of Yf ,w into
the identifiable parameters regressor Yi,w. In the second step,
the identifiable parameters regressor for the window w (24) is
preconditioned via QR decomposition QR(Yi,w). Using (10),
(11), and, (13) for every Yi,w, the corresponding Φw and f w

are obtained. Consequently a large preconditioned regressor
Φw and force vector fw can be updated as follows,

Φw ≜

[
Φw−1

ΦwPw

]
, fw ≜

[
fw−1

f w

]
, (25)

when there is no change in the identifiable parameters. How-
ever, if new identifiable parameters emerge from the most
recent window of data, a large preconditioned regressor Φw

is defined as follows:

Φw ≜

[[
Φw−1 0

]
ΦwPw

]
, (26)

where
Φwπw = fw. (27)

The vector πw stores all identifiable parameters across
all Φk for k ∈ {1, 2, ..., w − 1, w}. The projection matrix
Pw is used to rearrange the columns of Φw concerning the
previous preconditioned regressors. If some parameters are
non-identifiable in the final window Φw but were identifiable
in previous windows Φw−1, the matrix Pw is used to generate
zero columns corresponding to these parameters in ΦwPw.
The projection matrix Pw and vector πw are then formulated
to satisfy the following equalities.

ΦwPwπw = Φwπi,w, (28)
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[Φw−1 0]πw = Φw−1πw−1, (29)
The vector πi,w stores all the parameters identifiable by Φw.
The matrix 0 is a zero matrix of proper size and is omitted
when there is no change in the identifiable parameters. Using
(28) and (29), the vector of identifiable parameters is updated
as follows:

πw = [πT
w−1 πT

w/w−1]
T , (30)

where πw/w−1 represents the parameters that become identi-
fiable in Φw but were not identifiable in Φw−1.

For each window w, an optimization problem is solved to
obtain the estimated identifiable parameters, namely π̂w. After
multiple optimization runs, it is crucial to determine which
parameters stored in πw correspond to the vector of predefined
parameters, namely π. To achieve this, a selection matrix Pw

is constructed as follows:

πw = PT
wπ. (31)

The vector of optimal inertial parameters, π̂, is then obtained
using a specially developed function, Aug(•), which merges
the initial guess π0 for the non-identifiable parameters with
the vector Pwπ̂w. This yields π̂ = Aug(Pw, π̂w,π0).

1) Recursive Construction of Projection Matrices
Using (28)-(31) and the permutation matrix Pw, we devel-

oped a recursive algorithm to compute Pw, Pw, and Aug(•).
The matrix Pw is given by the relation between πi,w and π
as follows:

πi,w = PT
wπ. (32)

A set of remarks can be made to characterize Pw [16]:
R1 : Pw has dimensions R10nb×ni , where ni ≤ 10nb.
R2 : Pw is a binary matrix in which each column contains
exactly one entry equal to 1, while each row either has a single
1 or consists entirely of zeros.
R3 : The indices of the zero rows correspond to the non-
identifiable parameter indices in π.
R4 : PwP

T
w is a diagonal matrix with entries of either 1

or 0, where 1s indicate identifiable parameters in π, and 0s
correspond to non-identifiable ones.

The matrices Pw and Pw are two selection matrices which
must satisfy the remarks R2 - R4. Considering this and (28),
we used the matrix Pw to select the elements of the vector
πi,w from πw, which are then arranged to correspond with
the columns of the matrix Φw. Thus, the matrix Pw can be
represented as:

πi,w = Pwπw. (33)
From (32) and (33), the following equation can be concluded:

PT
wπ = Pwπw. (34)

From (30) and (31), a recursive projection matrix to project
πw onto π can be formulated. The vector πw−1 in (30)
is projected onto π using Pw−1, while the vector πw/w−1

is projected onto π using the selection matrix Γw whose
transpose, when multiplied by π, yields πw/w−1. Therefore,
the projection matrix Pw is updated as follows:

Pw = [Pw−1 Γw]. (35)

From (31), (34), and (35) the matrix Pw is obtained as follows:

Pw = PT
wPw. (36)

The function Aug(•) is utilized with (31) and the remark R4
as below:

Aug(Pw,πw,π0) = Pwπw +DC(Pw)π0, (37)

where DC(•) returns a diagonal matrix whose diagonal ele-
ments are the complement of those in PwPT

w.
For the first window (w = 1), we have P1 = 1, and

P1 = P1. Accordingly, the IPTA algorithm is formulated as
described in Algorithm 1.

Algorithm 1: IPTA(Yf ,w, ff ,w,Pw−1)

1 Perform the decomposition: Yf ,wPw = Yi,w [21].
2 Implement the eqs. (10), (11), and (13) to the

decomposed regressor Yi,w to obtain Φw and f w.
3 Calculate the matrix Pw using (35).
4 Compose the matrix Pw using (36).
5 return (Φw, f w,Pw,Pw).

C. Recursive Optimization

By leveraging the recursive structure of Φw and fw, the
optimization problem in (12) can be formulated recursively.
Using the equality in (27), (12) can be expressed as follows:

π̂w = argmin
πw∈RIw

1

2
||Φwπw − fw||2

s.t. Jb(πw,b) + J0
b > 0, b ∈ {1, 2, ..., nb}. (38)

where Iw refers to the size of identifiable parameter sets by
the augmented regressor Φw. The optimization problem given
in (38) can be transformed into the following quadratic form:

π̂w = argmin
πw∈RIw

1

2
(πw)

⊤Qwπw + c⊤wπw

s.t. Jb(πw,b) + J0
b > 0, b ∈ {1, 2, ..., nb}. (39)

Using (25) and the objective function in (38), the matrix Qw ∈
RIw×Iw , and the vector cw ∈ RIw , are updated recursively
as follows:

Qw = Qw−1 + (ΦwPw)
⊤ΦwPw (40)

cw = cw−1 − f
⊤
wΦwPw, (41)

when there is no change in the identifiable parameters. If
the number of excited parameters increases, the matrix Qw

is updated using (26) as follows:

Qw =

[
Q11 Q12

Q21 Q22

]
+ ϵ

[
0 0
0 1δw

]
(42)

Q11 = Qw−1 + ((ΦwPw)
⊤ΦwPw)[1 : Iw−1][1 : Iw−1]

(43)

Q12 = ((ΦwPw)
⊤ΦwPw)[1 : Iw−1][Iw−1 + 1 : Iw] (44)

Q21 = ((ΦwPw)
⊤ΦwPw)[Iw−1 + 1 : Iw][1 : Iw−1] (45)

Q22 =

((ΦwPw)
⊤ΦwPw)[Iw−1 + 1 : Iw][Iw−1 + 1 : Iw]

(46)
where δw = Iw − Iw−1. The square brackets in (43)-(46)
denote the matrix rows and columns, e.g., A[r1 : rn][c1 : cn]
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corresponds to matrix A from row r1 to rn and from column
c1 to cn. The parameter ϵ is a small positive scalar value. For
the first window, we have the following:

Q1 = (Φ1P1)
⊤Φ1P1 + ϵ1I1

. (47)

The last term in (47) is added to prevent singularity and acts
similarly to regularization, pushing the estimate toward a zero
guess. The structure of Qw can be exploited to recursively
compute Q−1

w as function of Q−1
w−1. The algorithms used,

as described in [36], are based on the Sherman-Morrison-
Woodbury formula, which allows the recursive computation of
the inverse of Qw. When the matrix order remains unchanged,
the inverse update can be written compactly as follows:

Q−1
w = recI(Q−1

w−1, (ΦwPw)). (48)

Whereas in the presence of an increase in matrix order, the
update is expressed as below:

Q−1
w = Add(Q−1

11 ,Qw),

Q−1
11 = recI(Q−1

w−1, (ΦwPw)). (49)

The explicit algorithmic realizations of these recursive updates
are provided in the Supplementary Material.
D. Recursive SDP Interior Point Method (SDP-IPM)

1) SDP Interior Point Method
A recursive semidefinite programming framework is de-

veloped using the interior point method to solve (39) re-
cursively, leveraging the recursive inversion formulae from
(48) and (49); see [37], [38]. The inequality constraint
given in (39), can be replaced by a block diagonal ma-
trix: JD

P (πw) = diag(J1(π1,w),J2(π2,w), ...,Jnb
(πnb,w)),

where JD
P (πi,w) ∈ R4nb×4nb . By exploiting the LMI form,

the matrix JD
P (πw) can be represented linearly in terms of

the components of πw components as follows:

JD
P (πw) =

Iw∑
j=1

πw,jGj (50)

where, πj,w represents the jth component in πw. The set of
Gj ∈ R4nb×4nb ∀ j ∈ {1, ..., Iw} are linearly independent
symmetric matrices.
Using (50), the optimization problem in (39) can be rewritten
as:

π̂w = argmin
πw∈RIw

1

2
(πw)

⊤Qwπw + c⊤wπw (51)

s.t.

Iw∑
j=1

πw,jGj + JD
0 = Z (52)

Z ≻ 0 (53)

where, Z ∈ R4nb×4nb represents a slack variable matrix.
JD

0 ∈ R4nb×4nb is a block diagonal matrix given as: JD
0 =

diag(J0
1,J

0
2, ...,J

0
nb
). The Lagrangian associated with (51)-

(53) can be computed as in the following:

L =
1

2
π

⊤

wQwπw + c⊤wπw−

⟨
Iw∑
j=1

πj,wGj + JD
0 − Z,X⟩ − µ logdet(Z), (54)

where a log-determinant barrier function, logdet(•), is em-
ployed to enforce positive definiteness of Z. The function
⟨A,B⟩ is the trace function of the product of any two arbitrary
symmetric matrices A and B. The matrix X ∈ R4nb×4nb

is a Lagrange multiplier matrix that is positive definite and
symmetric.

The parameter µ is a positive scalar that is introduced to
incorporate the barrier function into the objective function.
Initially, µ is set to a large value to prioritize resolution
of the barrier function, preventing Z from approaching its
boundary. Subsequently, during the optimization iterations,
µ is gradually reduced to allow the algorithm to focus on
minimizing the original objective function. Using (54), the
first-order optimality conditions are obtained as follows:

∇πL =Qwπw + cw −
[
⟨G1,X⟩ ⟨G2,X⟩ ... ⟨GIw

,X⟩
]⊤

= rπ (55)

∇XL =− (

Iw∑
j=1

πw,jGj + JD
0 ) + Z = RX (56)

∇ZL =− µZ−1 +X = RZ (57)

where, rπ ∈ RIw is a vector that represent the residuals of
the first optimality condition. The matrices RX ∈ R4nb×4nb

and RZ ∈ R4nb×4nb are the residuals of the second and third
optimality conditions. In the literature, the condition (57) is
referred as the complementary condition, and the method used
to solve it dictates the optimization approach [38]. To ensure
that the optimization variables follow a central path satisfying
the complementary condition, the matrices X and Z must
satisfy the centering condition, which is given by:

XZ = µ14nb
. (58)

To this end, the matrices X and Z must commute along
the central path [37]. In this work, the XZ+ZX method is
employed for the direct application of Newton’s method [38].
In this approach, the complementary condition given by (57)
is replaced by the following equality:

RZ = XZ+ ZX− 2µ14nb
(59)

which satisfies the centering condition given in (58). To
obtain a Karush-Kuhn-Tucker (KKT) system, the function
a = svec(A) is introduced. This function maps an arbitrary
symmetric matrix A ∈ Rn×n to a vector a ∈ R

n(n+1)
2 .

A = smat(a) is the inverse of svec(•) [38]; additional
details are provided in the Supplementary Material. A Newton
step that satisfies the first-order optimality condition for the
XZ+ZX method is obtained by solving the following KKT
system: Qw −G 0

−G⊤ 0 1nsym

0 ES FS

△πw

△x
△z

 =

−rπ
−rx
−rz

 (60)

where the matrix G ∈ RIw×nsym is yielded as follows:
G = [svec(G1) svec(G2) ... svec(GIw

)]⊤. The matrices
ES ∈ Rnsym×nsym and FS ∈ Rnsym×nsym are obtained using
a symmetric Kronecker product math operation ⊗s such that:

ES = Z⊗s 1nsym , FS = X⊗s 1nsym . (61)

The definition of ⊗s follows [38]; further details are given in
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the Supplementary Material. Note that nsym = 2nb(4nb + 1).
The residuals rx, and rz are transformed from their equivalent
matrix forms as follows:

rx = svec(RX), rz = svec(RZ). (62)

An interior point method (IPM) based optimization algorithm
is employed to solve (51) by using the first order optimality
conditions (55), (56), and (59), along with the KKT system
(60). This algorithm is outlined in Algorithm 2. For the main-
loop stopping condition in step 8, the relative residuals are
used; see [37].

rπ =
||rπ||

1 + ||cw||
(63)

rx =
||rx||

1 + ||z||
(64)

rz =
⟨X,Z⟩/4nb

1 + | 12π
⊤
wQwπw + c⊤wπw|

(65)

The barrier matching parameter µ in the third and ninth steps
is updated in accordance with the rule provided in [38]:

µ = δ⟨X,Z⟩/4nb, 0 < δ < 1. (66)

2) Line Search Step-Size Optimization Algorithm
A backtracking line-search procedure is employed to de-

termine the optimal step sizes α∗ and β∗, as indicated in
line 12 of Algorithm 2. The search is invoked only when
infeasibility is detected for a nominal step, reducing the num-
ber of iterations and the associated computational overhead.
Within the main optimization loop, the step sizes, initialized
as α = α0 and β = β0, are iteratively decreased in a nested
loop by multiplying with the scaling factor 0 < ∇ < 1. This
nested loop implements a simple line-search technique: at each
iteration, the step sizes are reduced whenever X or Z is not
positive definite, until feasibility is achieved.

3) KKT system Resolution
The core of the recursive least-squares algorithm is to com-

pute the necessary matrix inversions recursively. Therefore, the
solution of (60) is determined in terms of Q−1

w , which can be
recursively obtained using (48), (49). Given the KKT system
in (60), the KKT matrix can be solved through elimination as
follows:

H△πw = −G−1(rz − FSrx)− rπ, (67)
△z = G△πw − rx, (68)

△x = −E−1
S (FSG⊤△πw + (rz − FSrx)), (69)

where the matrix H is as formulated as follows: H = Qw +
GE−1

S FSG⊤. The inverse of the matrix H is obtained using
the Kenneth-Miller inverse of sum of matrices algorithm as a
function in Q−1

w ; see [39]:

H−1 = KM(Q−1
w ,GM), (70)

where, the matrix M is calculated as M = E−1
S FSG⊤. The

explicit recursive realization of this update is provided in the
Supplementary Material.
To compute the matrix M, each jth column, denoted as mj ,

Algorithm 2: Semidefinite Programming Interior Point
Method (SDP-IPM)
Initialization:

1 Feasibly initialize πw,0, X0 > 0, Z0 > 0
2 Compute the equivalent vector form

x0 = svec(X0), z0 = svec(Z0)
3 Initialize the barrier parameter µ0 = ⟨X0,Z0⟩/4nb

4 Obtain the initial residuals (r0π, r0x, r0z) using (63),
(64), and (65).

5 Choose the initial step size, 0 < α0 < 1, 0 < β0 < 1,
and barrier reduction parameter, 0 < δ < 1

6 Select sufficiently small positive scalars as tolerance
parameters (ϵπ, ϵx, ϵz)

7 Initialize the iteration index h = 0

Main Loop:
8 while (||rhπ|| > ϵπ , ||rhx|| > ϵx, ||rhz || > ϵz) do
9 Update the barrier parameter µh+1 = δµh

10 Solve the KKT system in (60) to obtain the
Newton step (△πw,△x,△z)

11 Compute the equivalent matrices form
△X = smat(△x), △Z = smat(△z)

12 Obtain the step size α∗ and β∗ via backtracking
line search.

13 Update the optimization variables
πw,h+1 = πw,h + α∗△πw

zh+1 = zh + α∗△z
xh+1 = xh + β∗△x

14 Compute the equivalent matrices form
Xh+1 = smat(xh+1), Zh+1 = smat(zh+1)

15 Obtain new residuals values (rh+1
π , rh+1

x ) using
(55, 56, and 62)

16 Obtain the relative residuals’ values
(rh+1

π , rh+1
x , rh+1

z ) using (63, 64, and 65)
17 Update the iteration index h = h+ 1
18 end
19 return (π̂w)

is computed individually as follows:

ZMj +MjZ = XGj +GjX (71)
mj = svec(Mj). (72)

The matrix Mj is obtained by solving the Lyapunov equation
(71) using the eigen value method reported in [40].
E. Methodological Synthesis

To implement the proposed approach, the flowchart illustrated
in Fig. 1 can be followed.

The Starting Engine block used to provide SDP-IPM with
proper initial values. It composes the vector πw,0 using the
previously estimated parameters π̂w−1 and the initial guess
π0. The matrix Z0 is obtained using πw,0 and (52). The matrix
X0 is defined as a positive definite matrix that commutes with
Z0.
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Fig. 1: The proposed identification framework flowchart.

IV. SIMULATION AND EXPERIMENTAL RESULTS

A. Identification Algorithms for Benchmarking

This section presents a comparative analysis of three different
identification algorithms. The first is the proposed algorithm,
as described in Fig. 1. The second algorithm, Recursive
Semidefinite Programming (RSDP), is a variation that ex-
cludes IPTA from the proposed approach while retaining the
filtered regressor and recursive optimization sub-algorithms;
see Fig. 1. Unlike the proposed method, RSDP directly utilizes
Yf ,w and ff ,w to construct Qw and cw, instead of relying
on ΦwPw and f w in (40)-(46). Additionally, it treats π
as the optimization variable rather than πw. Consequently,
the optimization problem (39) is reformulated as follows for
RSDP:

π̂r = argmin
π∈R10nb

1

2
π⊤Qwπ + c⊤wπ

s.t. Jb(π) > 0, b ∈ {1, 2, ..., nb}. (73)

RSDP employs the recursive optimization framework proposed
in this work together with the SDP-based inertial parameter
formulation.

The third algorithm is the Recursive Discrete Point Method
(RDPM), in which each rigid body is represented using
discrete mass points [8]. In our implementation, we model
each rigid body with 25 mass points and use a transformation
matrix, T, to map the discrete mass vector m ∈ R25nb to the
inertial parameters vector π. Consequently, instead of using
ΦwPw and f w in (40-46), RDPM constructs Qw and cw using
Yf ,wT and ff ,w. Additionally, it optimizes over m rather than
πw. As a result, the optimization problem (39) is reformulated
as follows for RDPM:

m̂ = argmin
m∈R25nb

1

2
m⊤Qwm+ c⊤wm

s.t. m > 0, (74)

The estimated inertial parameters from RDPM method are
given as: π̂p = Tm̂. RDPM employs the recursive opti-
mization framework proposed in this work together with the
discrete point-mass formulation of Ayusawa et al. [8].

For a fair comparison, the optimization parameters of each
method, namely α0, β0, and δ, were tuned to provide the best
balance between torque reconstruction accuracy, computation
time, and stable online execution.
B. Simulation Results

To verify the feasibility of the proposed identification algo-
rithm, a series of dynamic walking simulations were conducted
using the 3D dynamic simulator RaiSim [41]. These simula-
tions were executed using a PC with an Intel (R) Core i7 -
13700H processor and 32.0 GB RAM, running on a 64-bit
Ubuntu 22.04 operating system.

1) Human-Robot Coupled Model
A 40 kg bipedal exoskeleton robot model was coupled

with 12 distinct anthropomorphic virtual user models, ranging
from 66 to 102 kg in weight and 170 to 190 cm in height,
for multiple walking simulation runs. The coupled model
consists of a human and a bipedal exoskeleton model that
are mechanically tied together at the torso, lower leg, and
foot via cuffs. The model is implemented in the RaiSim
simulator; see Fig. 2. The bipedal exoskeleton model was
designed based on the actual in-house-built exoskeleton [30],
with joint configuration is illustrated in Fig. 2. Each leg
features four degrees of freedom (DoFs): a 2-DoF hip joint
allowing Abduction/Adduction (A/A) and Flexion/Extension
(F/E), a 1-DoF knee joint along the F/E axis, and a 1-DoF
ankle joint along the Dorsi/Plantar Flexion (D/PF) axis.

The anthropomorphic human model features 26 DoFs (8
DoFs for the legs and 5 DoFs for the arms), with all joints
being passive, since the target population consists of spinal
cord injury patients. A certain amount of rotational damping
is introduced to its joints to prevent unexpected excitations.
For a thorough analysis, 12 anthropomorphic models with
different inertial parameters were built using [42] and [43].
The identification algorithm is unaware of the ground truth
regarding the human inertial parameters and human kinematic
model. During parameter identification, the human model arms
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Fig. 2: Left: Joint configuration of the bipedal exoskeleton.
Right: RaiSim simulation model.
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Fig. 3: (a) Relative error erel with and without filtered regres-
sor. (b) Relative error erel for different filter cutoff frequencies
γ.

were fixed. We denote each human-robot coupled model as
Ml, where the subscript l represents the model index.

2) Forward Walking Pattern Generation
Twelve different human-robot coupled models were used to

simulate forward dynamic walking motions. In each simulation
run, the walking parameters were kept the same for the single
and double support periods; they are given as 0.6 and 0.2 s,
respectively. The maximum foot clearance was 4 cm.

The identification algorithm was evaluated based on the
data collected every sampling period at 1kHz. Multi-threading
functions were used to execute the identification algorithm.
The plots in this section are shown with a window time of
10ms (i.e., 10 samples per window). The algorithms were
implemented using C/C++ and GNU Scientific Library [44].

3) Discussion
This subsection evaluates the efficacy of the proposed algo-

rithm based on simulation results. The feasibility of the applied
filtered regressor is depicted in Fig. 3 with a 12 different
models performing walking motion with a speed of 0.1m/s
and with varying cutoff frequencies (γ). The relative error erel
is computed using (22) as below:

erel =
||Yf (qact, q̇act)π̂ − ff ||

||ff ||
, (75)

The subscript “act” denotes the actual measured signal. Fig.
3.a shows the acquired relative error erel for the different
models as mean±SD with shaded regions, and its average
variation was denoted via solid lines. The solid blue and red
lines show erel with and without filtered regressor, respectively.
Examining Fig 3.a, the application of the filtered regressor
significantly reduces the impact of contact transitions on the
identification algorithm’s accuracy. To determine an appropri-

0 1 2 3 4 5 6
Time [s]

0

0.1

0.2

0.3

e re
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b)

Proposed RSDP RDPM
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100

200
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Fig. 4: The computation time tc and relative error erel con-
cerning all three methods.

ate value for γ, each model performed the walking motion
for 10 different values of γ. The mean±SD erel variation
is illustrated in Fig. 3.b, showing that the effect of contact
transitions on accuracy decreases as γ decreases. Based on
this result, the value of γ = 1 Hz is fixed for all subsequent
simulation experiments.

Fig. 4 displays computation time, tc, and relative error, erel
for all three methods. Shaded blue, green, and red regions
indicate mean±SD variations for RDPM, RSDP, and the
proposed method, respectively. Each solid line shows the
average of 12 different anthropomorphic models walking with
a speed of 0.1 m/s.

Fig. 4.a illustrates the computation time of the three
methods. The proposed method achieved the lowest average
computation time (tc ≈ 22ms), outperforming both RSDP
(tc ≈ 80ms) and RDPM (tc ≈ 94ms). This highlights
the proposed method’s advantage in terms of computational
efficiency and real-time applicability. Fig. 4.b presents the
average relative error erel over time. While the proposed
method exhibits a slightly slower convergence rate than RSDP,
it still reaches the same level of accuracy within approximately
three seconds. Overall, these results indicate that the proposed
method offers a favorable trade-off between computational
effort and convergence rate, making it well-suited for real-
time optimization scenarios.

Furthermore, seventy-two simulation runs were conducted
using twelve human–robot models walking at six different
velocities ranging from 0.08 to 0.13 m/s. The complete set of
simulation results, including computation-time and parameter-
identification accuracy analyses, is provided in the Supplemen-
tary Material and the anonymized online repository1. Across
all simulated subjects, the relative-error RMSE remained low,
ranging from 9.3×10−3 to 2.0×10−2 with standard deviations
below 1.7× 10−3.

To qualitatively assess the performance of the proposed
algorithm, Fig. 5 illustrates the agreement between the es-
timated joint torque vector τ̂ and the actual joint torques
τ act. For comparison, the initial guess torque τ̌—computed
using the dynamic model with the initial guess of the inertial

1https://github.com/AhmedFahmySoliman/online-inertial-parameter-
identification-data.git
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Fig. 5: The estimated (proposed) right leg joint torques τ̂
versus the actual torques τ act.

parameters—is also included. Both τ̂ and τ̌ are derived
by solving the dynamic model equations with the identified
and initial inertial parameters, respectively. The corresponding
equations are provided below.

τ̂ = S⊤(f̂ − Jc(qact)
⊤λ̂c), τ̌ = S⊤(f̌ − Jc(qact)

⊤λ̌c)

λ̂c = (SfbJc(qact)
⊤)−1Sfbf̂ , λ̌c = (SfbJc(qact)

⊤)−1Sfbf̌

f̂ = Y(qact, q̇act, q̈ref)π̂, f̌ = Y(qact, q̇act, q̈ref)π0

(76)

The vectors f̂ ∈ Rnd and f̌ ∈ Rnd denote the proposed
and initial guess generalized force vectors, respectively. The
matrix Sfb ∈ R6×nd selects the first six components of these
vectors. The projected generalized contact force vectors onto
the contact foot are represented by λ̂c ∈ R6 and λ̌c ∈ R6.
The current analysis is limited to the single support phase,
during which the contact force has a dimension of 6 × 1.
This results in a square matrix (SfbJc(qact)

⊤)−1, allowing
for a well-defined direct inverse. The subscript “ref” and the
superscript “act” are used to denote the reference and actual
signals, respectively.

Fig. 5 presents the averaged torque data over 20 steps for the
right leg across four single support phases. The four subplots
correspond to the hip abduction/adduction torque, hip flex-
ion/extension torque, knee torque, and ankle torque, arranged
from top to bottom, respectively. Each subplot is divided into
four columns: the first two represent the left and right single
support phases at a forward velocity of v = 0.08 m/s, while
the latter two show the corresponding phases at v = 0.12 m/s.
The estimated torques τ̂ obtained using the proposed method
are shown as solid green lines, the actual torques τ act are
shown in solid red. Fig. 5 illustrates a noticeable agreement
between the estimated and actual torques.
C. Experimental results

The proposed identification algorithm is verified experimen-
tally using a real-life exoskeleton, which is custom-built; see
Fig. 6. The exoskeleton is equipped with eight series elastic
actuators integrated into the active joints. Each joint features
two encoders: one for measuring the joint angular position and

another for measuring spring deflection. Joint torques were
obtained from measurements of deflection in calibrated stiff
springs and pre-processed to compensate for sensor bias, drift,
and scaling effects [45]. To capture ground reaction forces,
a distributed architecture of force sensing elements is imple-
mented across the foot sole plane, providing measurements
of the vertical contact force component and the sagittal- and
frontal-plane moments. Additionally, an inertial measurement
unit (IMU) mounted on the robot’s pelvis provides measure-
ments of angular velocity and linear acceleration of the floating
base. For further details regarding this exoskeleton, refer to
[30].

Due to the lack of direct measurements of the complete
contact wrench, the contact-consistent dynamics formulation
proposed in [46], [47] was adopted for the hardware exper-
iments. Specifically, the dynamic model introduced in Sec-
tion II-A was projected onto the null space of the contact Ja-
cobian prior to executing the identification algorithm, yielding
N(M(q)q̈ + h(q, q̇)) = NS⊤τ . The matrix N = 1 − J†

cJc

denotes the orthogonal projector onto the null space of the
contact Jacobian Jc and τ̃ = NS⊤τ represents the null-space-
projected joint torque vector. Accordingly, the contact wrench
contribution is eliminated from the equations of motion. Con-
sequently, the resulting regression model depends only on the
measured joint torques and kinematic quantities, thereby en-
abling inertial parameter identification without direct contact-
force measurements.

A total of 30 hardware experiments were conducted using
three dummy configurations and two representative motion
patterns: squatting and swaying. The squatting motions con-
sisted of peak-to-peak vertical torso displacements of 6, 7, 8,
and 10 cm performed at frequencies ranging from 0.2 Hz to
0.5 Hz. The swaying motions were executed at frequencies of
0.25 Hz, 0.33 Hz, and 0.5 Hz with torso roll amplitudes of
5◦, 6◦, and 7◦. To evaluate the robustness of the identification
framework under varying inertial conditions, the three dummy
configurations corresponded to approximate total human–robot
system masses ranging from 65 kg to 95 kg.

Since both robot feet remain in contact with the ground
during the squatting and swaying experiments, the resulting
redundancy in contact-force computation renders accurate esti-
mation of the true contact forces infeasible [48]. Consequently,
the experimental assessment is performed using the null-
space-projected joint torque vector, denoted by τ̃ . Fig. 7
presents the estimated null-space-projected joint torques, τ̃ est

and the measured null-space-projected joint torques, τ̃ act

shown by the solid green and red lines, respectively, for a
representative squatting experiment. The results demonstrate
that the estimated torques closely track the measured torques
throughout the motion. The corresponding torque-matching
results for the remaining hardware experiments are provided
in the anonymized online repository1.

Fig. 8 compares the proposed method, shown in red, against
the benchmark RSDP method, shown in green. The RDPM
method is excluded from this comparison because of its poor
convergence behavior, which is quantitatively analyzed in
Sections IV-D and IV-E. Fig. 8(a) presents the average absolute
torque error across all squatting and swaying experiments.
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Fig. 6: Bipedal exoskeleton used for experimental verification.
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Fig. 7: Estimated (proposed) right leg null-space-projected
joint torques τ̃ est versus the measured null-space-projected
joint torques τ̃ act.

The mean absolute torque error, denoted by eτ , is represented
by the solid curve, while the shaded region corresponds to
eτ ± σ(eτ ). The absolute torque error for joint t is defined
as et = |τ̃estt − τ̃actt |. The mean and standard deviation of the
absolute torque error are computed as follows:

eτ =

∑8
t=1 et
8

, σ(eτ ) = std([e1, ..., e8]). (77)

The function std(•) denotes the standard deviation of the input
vector. From Fig. 8a, it is evident that the error convergence
exhibits stable performance in the experimental data analysis.

The average computation time tc for both experiments is
shown in Fig. 8b. The mean tc is represented by the solid blue
line, while the mean±SD is indicated by the shaded area. The
results demonstrate that the computation time remains below
50 ms, making it suitable for online applications.

For completeness, the variation of the identified inertial
parameters for both simulation and experimental results is
presented in the Supplementary Material.

a)

b)

Fig. 8: a) Robot joints absolute torque error experimental
result. b) Computation time tc experimental result.

D. Performance Summary

Table I summarizes the overall performance of the investigated
identification methods across the hardware squatting/swaying
experiments and the walking simulation experiments. The
reported values correspond to the mean and standard deviation
of the torque RMSE, optimization computation time, and
condition number obtained over all experimental trials.

For the hardware experiments, the proposed method
achieved the lowest torque RMSE while requiring substantially
lower computation time than RSDP and yielding significantly
better numerical conditioning than both benchmark methods.
In contrast, RDPM exhibited considerably larger torque RMSE
and condition numbers, indicating reduced identification accu-
racy and numerical robustness.

For the walking simulation experiments, the proposed
method achieved the lowest torque RMSE and computation
time among all considered methods. Furthermore, the pro-
posed method consistently produced the smallest condition
numbers in both hardware and simulation studies, demon-
strating improved numerical conditioning of the optimization
problem. These results indicate that the proposed approach
provides an effective balance between identification accuracy,
computational efficiency, and numerical robustness.

Figure 9 illustrates the convergence behaviour and temporal
evolution of the identified inertial parameters for representative
simulation and hardware experiments. The inertial parameter
estimates from all methods were processed using the same
first-order low-pass filter with a cut-off angular frequency of
ωc = 10 rad/s. The normalized parameter convergence metric
is defined as

dπ(t) =
∥π(t)− πf∥2

∥πf∥2
,

where πf denotes the average of the final 10% of the identified
parameter samples. Figures 9(a) and (c) show the evolution of
the convergence metric for the simulation and hardware exper-
iments, respectively, together with the corresponding settling
times. Figures 9(b) and (d) present the temporal evolution
of five representative inertial parameters identified by the
proposed method, namely the masses of the floating base mfb,
hip mh, thigh mth, shank msh, and foot mf . These parameters
were selected to represent the temporal identification be-
haviour across different body segments without overcrowding
the figure with all 50 inertial parameters. Despite the initial
transients and small residual variations, the estimated masses
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a) b)
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Fig. 9: Representative simulation and hardware experiments.
(a,c) Parameter convergence metric dπ(t) , where the dashed
lines indicate the settling times within the ϵπ = 0.05 band.
(b,d) Temporal evolution of the floating-base, hip, thigh, shank,
and foot masses identified by the proposed method.

TABLE I: Mean ± SD performance metrics for the hardware
and simulation experiments. Lower values indicate better per-
formance. Prop. denotes the proposed method.

Hardware Experiments
Method Torque

RMSE
Computation
Time [ms]

Condition
Number

Prop. 2.99± 1.31 35.60± 9.52 5.94± 5.47
RSDP 3.80± 1.57 64.10± 2.82 (2.12±0.90)×105

RDPM 15.21±9.05 39.23±33.43 (1.46±1.95)×107

Walking Simulation Experiments
Prop. 16.86±0.82 23.12± 0.14 4404.6± 2.5
RSDP 20.78±0.69 85.34± 2.13 (2.15±0.01)×107

RDPM 36.44±3.90 91.19± 3.26 (3.75±0.01)×106

converge toward physically consistent steady-state values, in
agreement with the convergence behaviour indicated by dπ(t).

To further characterize the convergence behaviour of the
identification algorithms, the average inertial-parameter set-
tling time was also evaluated across all experiments. For
the hardware experiments, the proposed method achieved
an average settling time of 4.98 ± 1.84 [s], compared with
7.15 ± 1.77 [s] for RSDP and 11.87 ± 1.92 [s] for RDPM.
For the walking simulation experiments, the proposed method
achieved an average settling time of 7.83±0.59 [s], compared
with 11.71±0.63 [s] for RSDP and 3.44±1.00 [s] for RDPM.
Although RDPM exhibited faster settling in simulation, this
behavior was accompanied by substantially larger torque
RMSE values and poorer numerical conditioning. Overall, the
proposed method achieved the shortest settling times in the
hardware experiments while maintaining superior identifica-
tion accuracy and numerical robustness.

E. Statistical Analysis

To quantitatively compare the identification methods, statis-
tical analyses were performed using the torque root-mean-
square error (RMSE) and optimization computation time as
performance metrics. The analyses considered the proposed
method and the benchmark methods, RSDP and RDPM, using
the results obtained from the squatting/swaying hardware
experiments and the walking simulation experiments.

For each experiment, the torque RMSE was computed
between the estimated and measured torque quantities and
averaged across the considered joints. In the hardware experi-
ments, the RMSE was evaluated using the null-space-projected
joint torques, whereas in the walking simulation experiments it
was evaluated using the actual joint torques obtained directly
from the RAISIM model. Computation time was defined as
the time required to execute a single optimization update.
These metrics were selected because they directly reflect the
identification accuracy and computational efficiency of each
method.

A repeated-measures analysis of variance (ANOVA) was
conducted to determine whether statistically significant differ-
ences existed among the three identification methods for each
performance metric. The significance level was set to α =
0.05. When a significant main effect was detected, Bonferroni-
corrected post-hoc pairwise comparisons were performed to
identify statistically significant differences between individual
methods.

The results revealed a significant effect of the identification
method on both torque RMSE and computation time. For the
hardware experiments, significant differences were observed
in torque RMSE (F (2, 58) = 67.55, p < 0.001) and compu-
tation time (F (2, 58) = 23.05, p < 0.001). Similarly, for the
walking simulation experiments, significant differences were
observed in torque RMSE (F (2, 22) = 196.53, p < 0.001)
and computation time (F (2, 22) = 4191.4, p < 0.001).

The post-hoc comparisons reported in Tables II and III
provide additional insight into the pairwise differences among
the methods. In the hardware experiments, the proposed
method achieved the lowest torque RMSE, significantly out-
performing both RSDP and RDPM. Furthermore, the pro-
posed method required significantly less computation time
than RSDP while exhibiting computation times statistically
comparable to RDPM. In the walking simulation experiments,
the proposed method again achieved the lowest torque RMSE
and computation time, significantly outperforming both bench-
mark methods. These results indicate that the proposed method
improves computational efficiency while simultaneously en-
hancing torque reconstruction accuracy.

Fig. 10 summarizes the performance of the three identifica-
tion methods using the mean and standard deviation obtained
from all hardware and simulation experiments.

V. DISCUSSION CONCLUSION

This paper presented a real-time applicable inertial parame-
ter identification algorithm that provided complete physically
consistent estimates of the inertial parameters. The filtered
regressor idea from adaptive control [34] was shown to im-
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a) b)

Fig. 10: Mean ± SD performance of the identification meth-
ods: (a) torque RMSE and (b) computation time.

TABLE II: Bonferroni-corrected post-hoc comparisons for the
hardware squatting and swaying experiments.

Metric Comparison ∆ Mean p-value

Torque
RMSE

Prop vs. RDPM -12.219 < 0.001
Prop vs. RSDP -0.813 < 0.001
RSDP vs. RDPM -11.406 < 0.001

Computation
Time [ms]

Prop vs. RDPM -3.626 1.000
Prop vs. RSDP -28.499 < 0.001
RDPM vs. RSDP -24.873 < 0.001

prove the resilience of the method to the effects of contact
transitions and signal noise while eliminating the need to
estimate joint accelerations through finite differences. Addi-
tionally, an identifiable parameters tracking algorithm (IPTA)
was developed to improve the regressor’s condition number,
leading to enhanced optimization features such as robustness
and faster convergence rates. A semidefinite programming
(SDP) algorithm based on the interior point method approach
was modified using recursive inversion to enable a real-time
SDP identification procedure.

The proposed algorithm was thoroughly tested and com-
pared with two distinct identification algorithms in a realistic
simulation environment and actual experiments. A human
bipedal exoskeleton coupled model was used as a case study
and simulated via the RaiSim dynamic simulator to verify
the proposed method’s applicability [4]. For thorough results,
we used 12 distinct anthropomorphic models (66 ∼ 102kg)
coupled with a 40kg underactuated exoskeleton model. Each
model performed dynamic walking at different velocities over
several simulation runs. Furthermore, experimental verifica-
tion was carried out using the actual bipedal exoskeleton
performing squatting experiments with different amplitudes.
As a result of the benchmarking, the proposed algorithm
outperformed the other identification algorithms in terms of
robustness and real-time applicability. Both experimental and
simulation results demonstrated the complete physical consis-
tency of the resultant inertial parameters obtained while using
the proposed method.

In Table IV, a qualitative comparison is provided between
recent state-of-the-art methods and the proposed framework.
While existing approaches primarily focus on achieving com-
plete physical consistency while maintaining accurate system
identification, the literature still lacks a solution capable of
operating in real time without requiring a dedicated trajectory
excitation phase. Therefore, this table should not be interpreted

TABLE III: Bonferroni-corrected post-hoc comparisons for the
walking simulation experiments.

Metric Comparison ∆ Mean p-value

Torque
RMSE

Prop vs. RDPM -19.581 < 0.001
Prop vs. RSDP -3.925 < 0.001
RSDP vs. RDPM -15.656 < 0.001

Computation
Time [ms]

Prop vs. RDPM -68.072 < 0.001
Prop vs. RSDP -62.221 < 0.001
RSDP vs. RDPM -5.851 < 0.001

TABLE IV: Qualitative comparison between the proposed
method and representative inertial parameter identification ap-
proaches. RDPM denotes the discrete point-mass formulation
of Ayusawa et al. [8] implemented with the proposed recursive
optimization framework. The abbreviations RT, NDE, CPC,
and TVC, indicate real time, no dedicated excitation, complete
physical consistency, and time varying contacts, respectively.

Method RT NDE CPC TVC

Rucker & Wensing (2022) [13] × ✓ ✓ ×

Zhang et al. (2025) [26] ✓ × ✓ ×

Martinez et al. (2025) [14] × ✓ ✓ ✓

RDPM [8] ✓ ✓ ✓ ✓

Proposed Method ✓ ✓ ✓ ✓

as a direct benchmark comparison; rather, it highlights the
research gap addressed by the proposed method. In particular,
the proposed framework offers a promising direction for
emerging applications such as self-balancing exoskeletons,
where real-time operation and minimal user intervention are
critical.

A limitation of the proposed method is that it relies on
a rigid body representation of the human-exoskeleton system
and therefore does not explicitly capture the elastic and
viscoelastic behavior of human soft tissues. Consequently,
phenomena arising from tissue deformation, compliance at
attachment interfaces, and complex contact transitions between
the user and the exoskeleton are not directly identified by
the proposed framework. Incorporating such effects would
require more sophisticated biomechanical models and addi-
tional parameters, substantially increasing model complexity
and computational burden, which could compromise the real
time applicability of the identification process. Despite this
limitation, the proposed method provides a physically mean-
ingful estimate of the lumped inertial properties of the coupled
human exoskeleton system during nominal operation. For
many model based control applications, accurate inertial pa-
rameter estimates are of primary importance, and the resulting
simplified model may therefore represent a practical tradeoff
between physical fidelity and real time usability. Future work
will investigate the performance of the proposed approach
with human subjects and explore the integration of compliant
interaction models to better account for soft tissue dynamics
and user specific contact effects.
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