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Abstract—This paper describes a novel technique to analyti-
cally generate feasible hopping trajectories that can be applied
to passively compliant bipedal humanoid robots. The proposed
method is based on exploiting the inherent passive compliance
through a reduced model, while the dynamic balance is main-
tained via the ZMP criterion. To begin with, a computational
resonance frequency analysis and a system identification routine
are performed for the actual robot, so as to determine the base
resonance frequency, which is of special interest. Subsequently,
the vertical component of the center of mass trajectory is gen-
erated by using a periodic function in which the aforementioned
resonance frequency is utilized. The horizontal component of
the center of mass trajectory is generated via the ZMP concept
to ensure the dynamic balance. Having analytically generated
both vertical and horizontal elements of the center of mass
trajectory, joint motions are computed through the utilization
of translational and angular momenta constraints. Applying
the proposed method, a series of periodic forward hopping
experiments are conducted on our actual compliant bipedal robot.
As the result, we observe repetitive, continuous and dynamically
equilibrated forward hopping cycles with successful landing
phases.

Index Terms—humanoid, legged hopping, trajectory genera-
tion, passive compliance, resonance frequency.

I. INTRODUCTION

STARTING from 1970s, humanoid robots have evolved in
many aspects and various operational principles have been

exploited on several prototypes. To mention a few, researchers
developed novel minimal graspers [1], walking controllers [2],
[3] and jumping pattern generators [4], [5]. In the light of these
recent advances, humanoid robots are expected to be adapted
within the dynamic human environment in the current decade.

Observing such a human environment, people may walk,
run, jump and interact with others. Therefore, a well-adapted
humanoid should function in a human-like dexterous manner.
This goal naturally includes fast motion capabilities, such as,
running and jumping, when necessary. Being one of the main
prerequisites of bipedal running, hopping motion appears to be
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a very important index in the humanoid robot technology. Fur-
thermore, humanoid robots may have to perform small jumps
to stabilize their posture when they are subject to external
forces. Sufficient hopping ability also enables humanoids to
jump over small obstacles. Considering these facts, hopping
motion deserves to be carefully analyzed as it potentially
provides insights in improving the modern-day humanoids.

A. Background

In demonstrating running and jumping motions, many re-
searchers conducted simulations and experiments on robots
with rigid joint structures [4]–[6]. The predominant approach
is to make use of non-backdrivable, stiff transmission systems
that are combined with high gain servo controllers. Although
non-backdrivability and large stiffness properties provide high
precision, the resulting large output mechanical impedance
makes them inherently unsafe when interacting with humans.
Moreover, safety is not the only feature being compromised in
these stiff robots. Compared to biological systems, they have
significant performance handicaps, particularly related to their
ability to interact with the environment and energy efficiency.

Biological systems, for instance, store and release elastic
potential energy into/from muscles and tendons during daily
activities; such as walking, running, jumping and so on [7]
[8]. The management of the elastic potential energy that is
stored in these biological structures is essential for reducing
the energy consumption, achieving mechanical power peaks
and adapting to the outer environment. These tasks are less
likely to be handled using a stiff structure. The lack of
compliance in present-day conventional humanoids does not
allow these robots to make use of natural dynamics and storage
of energy during cyclic locomotion. As a result, these robots
have difficulties in interacting with the environment and do
have higher energy demands since more effort is required both
for the control system and the actuators.

Findings in biomechanical studies also do support the im-
portance of compliance, especially during human locomotion.
Ishikawa et al. experimentally verified the fact that managing
the elastic potential energy is quite important during human
walking [8]. As another example, Seyfarth et al. defended that
properly adjusted leg stiffness is one of the key requirements of
stabilized running motion [9]. The significance of resonance
frequency during human hopping was stressed by Blickhan
[10]. He stated that a human hopper selects a frequency within
the range of physiologically feasible frequencies to maximize
the elastic energy storage. In this context, Buchli and Ijspeert



IEEE TRANSACTIONS ON INDUSTRIAL ELECTRONICS, VOL. X, NO. Y, MONTH 201A 2

also utilized the resonance frequency for efficient quadruped
locomotion [11]. The outcomes of these studies, especially
Blickhan’s [10], inspired our current approach.

In the light of the facts discussed above, roboticists make
use of compliance, from micro/nano robotic systems to legged
locomotors. Following the same trend, our research activities
are aimed at exploring the benefits which can be gained by
the incorporation of compliance in humanoid robots. To this
end, we developed a humanoid robot with passive and active
compliant joints [12], as a part of the European AMARSi
project [13]. The main objective of the AMARSi project is to
achieve a qualitative leap toward rich motion skills in robotic
systems by rigorously following a systematic approach in
novel mechanisms with compliance. Efficient hopping locomo-
tion is considered to be one of the goals, as compliant systems
possess clear advantages in exploring fast motion generation
techniques.

B. Related Works and Our Approach

Within the aforementioned connection, perhaps, one of
the most prominent jumping motion demonstrations over the
years was provided by Raibert et al. [14]. Applying a similar
strategy and considering energy transformations, Ahmadi and
Buehler succeeded in monopod running using an electrically-
actuated mechanism with springs [15]. Despite these suc-
cessful works, researchers may face difficulties when directly
applying Raibert’s control laws to fully-actuated legged robots
with relatively heavy legs. On this matter, Xu and Kawamura
demonstrated that these control laws are efficient when the
target robot mass is cumulated around its hip [16]; thus, might
not be suitable for a wider range of humanoids.

In addition to physical springs, actively compliant joints also
play an important role for robots while adapting to different
environmental conditions. This feature was exploited in several
humanoid robot projects without the support of passive com-
pliance [17]–[19]. Though this approach proved to be efficient
in improving the force and impedance control, the bandwidth
of the active compliance is limited due to the delays caused
by motor inertia, sensory data process, and real-time control
[20]. This may cause it to be inherently unsafe for human-
robot interaction. Moreover, passive compliance is inevitably
needed to achieve elastic potential energy management for
efficient locomotion generation.

Speaking of energy-efficient pattern generation, one alter-
native way is to make use of natural dynamics on systems
that can exhibit passive locomotion characteristics [21]. On
this matter, fully actuated 3D robots like ours may not be
physically suitable to exhibit such movements.

In providing sufficient compliance for humanoid robots,
pneumatic artificial muscles appear to be a very promising
actuation technology. Using an antagonistic setup, researchers
from Vrije University demonstrated walking and jumping mo-
tion on a planar bipedal robot [22]. Hosoda et al. also followed
a similar trend with a 3-D robot that is powered by antagonistic
McKibben pneumatic actuators [23]. In addition to the numer-
ous advantages, pneumatic actuation has its own drawbacks.
Slow dynamics, the constant requirement of pressurized air,

inevitable hysteresis and nonlinear characteristics are typical
difficulties to overcome when utilizing these actuators [24]. In
response to these issues, we implement an electrical actuation
system in our compliant joint mechanism.

Electrical actuators can also be utilized in an antagonistic
configuration. From the energy efficiency point of view, a
recent study from our research group [25] have revealed that
SEAs (Series Elastic Actuators) are advantageous over antago-
nistic setups. This fact motivated us to develop and implement
a SEA-powered mechanism for our compliant bipedal robot’s
pitch axis ankle and knee joints [12], [26]. In addition to
passive compliance at these joints, all individual joints are
equipped with built-in torque sensors and multiple position
sensors to achieve active compliance in a similar manner as
proposed in [17]. We believe that the combination of passive
and active compliance at the joint level provide a versatile
experimental hardware. Active compliance is expected to be
beneficial mostly for environmental adaptation tasks though it
may not help storing elastic potential energy. Thus, this paper
does not focus on active compliance while generating hopping
locomotion trajectories.

In accordance with the goals stated within the AMARSi
project, we develop an analytical hopping trajectory generation
method that can be applied to bipedal robots with passive com-
pliant structures. The proposed method utilizes the inherent
passive compliance while maintaining the dynamic balance
through the use of ZMP (Zero Moment Point) concept. As
partially inspired by Blickhan’s studies [10], we make use
of the base resonance frequency at which the total elastic
potential energy storage is expected to be maximized. All
in all, the proposed method enables us to acquire feasible,
repetitive, continuous and dynamically-equilibrated hopping
cycles in which the base resonance frequency is exploited to
maximize hopping locomotion efficiency.

C. Novelty

Although some research groups successfully demonstrated
single or intermittent jumping cycles on robots with artificial
pneumatic muscles [22], [23]; a systematic method is still lack-
ing to generate continuous hopping trajectories for a general
class of bipedal robots with passive compliance. Therefore, we
would like to highlight the fact that this paper mainly focuses
on this issue. That being said, the novelty of this paper can
be divided in two main directions.

To our knowledge, our bipedal robot is one of a few exam-
ples of a passively compliant and fully actuated bipedal robot.
This privilege allows us to present one of the first experimental
attempts on a passively compliant and fully actuated bipedal
robot to analytically exploit the resonance frequency for the
continuous hopping motion generation task. In the proposed
method, there is no hardware-specific parameter for the pattern
generation. One can easily apply the proposed method as
long as the experimental robot’s base resonance frequency is
determined.

CoM trajectory generation is realized by analytical func-
tions. Usually, the horizontal component of CoM can be
analytically obtained for bipedal walking while the vertical
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TABLE I
MECHANICAL SPECIFICATIONS

Upper Leg length: 226.63 [mm]
Size Lower Leg length: 203.3 [mm]

Ankle-sole length: 60.3 [mm]
Each Leg: 6.816 [kg]

Weight Waist: 4.41 [kg]
Total : 17.772 [kg]

component is kept constant. This is not applicable for bipedal
hopping motion; the vertical component should vary to meet
the jumping conditions. In this context, we analytically derived
a vertical CoM trajectory generation method for robots with
passive compliance, for the first time to our knowledge.
Furthermore, initial velocity and support time parameters are
tuned in a way to generate feasible jumping patterns, so that
the method becomes systematic and easy-to-apply for a wider
class of passively compliant and fully actuated bipedal robots.

An early version of this study including preliminary dis-
cussions is appeared in [27]. The current paper is a signifi-
cantly expanded and improved version to provide a thorough
and complementary archival report. Enhancements over [27]
include the following: i) exhaustive review of the related
works, ii) detailed explanations on the mechatronic hardware
and passively compliant joint structure, iii) mathematical
analysis of resonance frequencies and related discussions,
iv) additional experimental results concerning 4 distinct non-
resonant frequencies and ankle joint torque-angular position
characteristics, v) further discussions on potential benefits and
limitations of the proposed method.

The paper is organized as follows. In section II, we intro-
duce our bipedal humanoid robot with a special emphasis on
its passive compliant joint structure. Methodology, base reso-
nance frequency analyses, and hopping pattern generator are
respectively presented in sections III, IV and V. Experimental
results are discussed thoroughly in section VI. Finally, the
paper is concluded in section VII by stating the remarks and
addressing the future directions.

II. COMPLIANT BIPEDAL ROBOT

A. General Overview on the Passive Compliant Biped
In order to explore compliant humanoid characteristics, we

developed a bipedal robot at the Italian Institute of Technology,
as a part of the AMARSi project. Table I summarizes its
mechanical specifications. The robot has a total of 15 DoF
(Degrees of Freedom); 6 DoF in each leg, and 3 DoF at the
waist to be able to obtain greater motion flexibility. Each active
joint incorporates three position sensors (one relative and two
absolute encoders) and one torque sensor. The robot is also
equipped with 6-axis Force/Torque sensors at the ankles and
five 1-axis load cells on the feet soles. In addition, it has a
triaxial rate gyro sensor and an accelerometer, located at the
pelvis. In its electronic hardware structure, the main controller
is an Intel Core 2 Duo 1.5 GHz dual processor with 3.0 GB
RAM, running on a 32-bit GNU/Linux operating system that
includes real-time Xenomai extension. Data communication is
performed via a real-time Ethernet protocol called RTnet. Fig.
1 displays the actual robot and its joint configuration.
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Fig. 1. The mechanical assembly of our robot and its joint configuration.

In this first prototype, only pitch axis ankle and knee joints
are equipped with passive compliant elements, i.e., springs (see
Fig. 1, frames with green color). However, torque sensing and
versatile position sensing elements are placed in all the joints
to enable active compliance control.

B. Compliant Joint Structure

For the compliant actuation system in our bipedal robot, the
main objective is to satisfy dimensional and weight require-
ments while achieving high rotary stiffness within a compact
structure. Regarding these requirements as well as with the
previously discussed issues in mind, the SEA module [12],
[25], [26] appears to be a very suitable candidate and it is
presently implemented in our robot.

Our compliant actuation solution is based on an elastic
mechanism which includes a three-spoke output component, a
circular input pulley and six linear springs. The input pulley
is fixed to the output of the reduction drive. The output
pulley (three-spoke element) rotates on bearings with respect
to the input pulley and is coupled to this by six springs.
Fig. 2 displays this module’s 3-D CAD section, its physical
appearance and the torque sensing module.

At the zero passive deflection configuration between the
input pulley and the three-spoke output pulley, six linear
springs experience a pre-contraction equal to half of the
maximum acceptable deflection. Deflections larger than the
maximum allowable are not permitted by means of mechanical
pin based locks. The motor and the reduction drive adopted for
the robot’s lower body compliant module uses a combination
of harmonic drives (CSG series, 100:1 ratio for all joints)
and a Kollmorgen RBE series brushless frameless motor. The
motor, gears and joint sensing elements have been highly
integrated to optimize the weight and dimensions of the joint,
as displayed in Fig. 2. The sensing system of the compliant
actuator includes three position sensors and one torque sensor.
One optical encoder monitors the position of the motor, while
two absolute magnetic encoders measure the position of the
input pulley (harmonic drive output) and the position of the
three spoke structure (link side). A torque sensor based on
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Fig. 2. Compliant actuation system SEA. a) The 3-D CAD section and the
compact physical prototype along with the torque sensor module. The third
encoder (relative) is placed at the motor side (before the harmonic gear) and
not shown above. b) The physical SEA module. c) Torque sensor.

a custom load cell structure, instrumented by semiconductor
strain gauges measures the torque generated at the output
of the actuator. The output stiffness of the joint, ks, can be
derived as a function of the module parameters [26].

ks = 6kar
2 cos 2θs (1)

In (1), θs is the deflection angle of the three spoke element
(output pulley) with respect to the input pulley. r and ka stand
for the length of the spoke arm and linear spring stiffness,
respectively. For stiffness profiles and other details, refer to
[25] and [26].

In order to perform energy analysis, we are in need of
formulating the elastic potential energy that can be stored
in a passive compliant joint. As understood by (1), stiffness
is a function of deflection, meaning that it is not constant.
Therefore, the elastic potential energy, Eep, can be yielded
through the following integration.

Eep =

∫
θsksdθs = 6kar

2

∫
θs cos 2θsdθs

= 3kar
2(θs sin 2θs + 0.5 cos 2θs) (2)

III. METHODOLOGY

The main idea in our approach is to determine a hopping
frequency at which the elastic potential energy storage is
maximized. That being the case, we perform an analysis and
a system identification routine on our actual bipedal robot
to determine such a feasible frequency (base resonance fre-
quency) within the range of physically realizable frequencies.
Subsequently, the vertical CoM trajectory is analytically gen-
erated via the utilization of the base resonance frequency. The
horizontal CoM trajectory is also analytically derived using the
ZMP criterion. Finally, given the CoM trajectory, joint motions
are obtained via translational and angular momenta constraints.
Prior to the step by step explanation of these stages, let us state
the conditions that are considered throughout the construction
of the hopping trajectory generator.

In the current version of our bipedal robot, only pitch axis
ankle and knee joints are equipped with passive compliant
elements. Due to this fact, we focus on two legged hopping
motion generation, in which the robot moves on the sagittal
plane, i.e., yaw axis and roll axis joint positions are set to zero.
Only pitch axis hip, knee and ankle joints are activated. This
postulate also enables us to give our full attention to generate
hopping trajectories on a relatively abstracted model. Note that
we do not physically constraint the robot motion and it can
move in the lateral plane if it is subject to an external force.
In other words, all experiments are conducted in 3D, without
any mechanical limitation.

As the mechatronic hardware is manufactured with great
precision in our institute, both legs can move in a sufficiently
synchronized manner during two-legged hopping; the angular
position difference between the corresponding leg joints are
negligibly small.

Even though pitch axis hip joint is not equipped with a
spring element, we model the whole system as a 3-DoF robot
with elastic joints. In this case, hip joint stiffness is substituted
relatively large by considering the stiffness profile of the
harmonic gear and the elasticity of the cable drive.

While the robot is in a support phase, its feet are assumed to
be stationary, i.e., no slippage occurs. On the actual system,
robot feet are equipped with custom made pads to increase
friction, so that this assumption may have a physical equiva-
lence during support phases.

IV. DETERMINING THE RESONANCE FREQUENCIES

A. Computational Analysis

In order to gain insights regarding the base resonance
frequency of the system, a computational analysis is con-
ducted, prior to the experimental identification procedure.
Even though we utilize the experimentally-identified base
resonance frequency value during locomotion generation, a
computational analysis is of importance for two reasons: i) To
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Fig. 3. a) Kinematic structure of the robot in the sagittal plane. Associated
joint frames are indicated. θf denotes the pitch axis body tray orientation.
b) Actual robot representation in the sagittal plane. Only pitch axis ankle
and knee joints have passive compliant elements (green joints). c) The whole
system can be considered as a 3-DoF robot with elastic joints.

double-confirm experimental identification results. ii) To see
whether the elasticity properties of the system would yield a
physically realizable base resonance frequency, prior to the
identification procedure.

Keeping these in mind, the robot may be modeled as a 3-
DoF system with elastic joints. Fig. 3 provides an illustration
for this model. Considering this case, the system dynamics
can be expressed using Spong’s formulation [28].

τ = Ir(q)q̈ + Cr(q, q̇)q̇ +Gr(q)− ρq̇ (3)
= Imθ̈ +Bmθ̇ + κ(θ − q) (4)

In (3) and (4), τ is generalized joint torque vector while q
and θ respectively denote link side and motor side angular
position vectors. Ir(q), Cr(q, q̇), Gr(q) are inertia, corio-
lis/centrifugal, and gravitational force terms, regarding the
reduced model presented in Fig. 3(c). ρ is a diagonal matrix
that represent link side friction terms, and it may be identified
via the method proposed in [29]. Im and Bm are diagonal
matrices that store rotor inertia and friction constants, which
are appropriately scaled via respective gear ratios. κ refers to
the diagonal joint stiffness matrix.

Referring to [30], natural frequencies of this system are
determined while generalized coordinates, q, converge to the
equilibrium configuration that is defined as qe = θ. That
being said, we utilize Jacobian of the gravitational force term,
ΨGr(q), that can be computed via partial differentiation with
respect to joint motion; ΨGr(q) = ∂Gr(q)/∂q. Basically, the
Jacobian ΨGr(q) maps the variations in Gr(q) to variations
in joint motions as follows [31].

∆Gr(q) = ΨGr(q)∆q (5)

Around the equilibrium configuration, the variations in joint
motion points out ∆q = q − qe. Therefore, Gr(q) in can be
expressed in terms of the gravitational force at equilibrium,
namely, Gr(qe), while performing a linearization around the
equilibrium (qe).

Gr(q) = ΨGr(qe)(q − qe) +Gr(qe) (6)

Combining (3), (4) and (6) in the equilibrium state (qe = θ),
together with the above-mentioned linearization, the following
is yielded.

Ir(qe)q̈ + [Cr(qe, q̇e)− ρ]q̇ + [κ+ ΨGr(qe)]q

= Imq̈e +Bmq̇e + [κ+ ΨGr(qe)]qe −Gr(qe) (7)

If we call the right hand side of (7) Fe, it becomes analogous
to the general multi-DoF vibration system,

MẌ +BẊ +KX = Fe (8)

where, M ≡ Ir(qe), B ≡ [Cr(qe, q̇e) − ρ] and K ≡
[κ+ ΨGr(qe)] respectively correspond to mass, damping and
stiffness matrices of the general multi-DoF vibration system.
In this case, the eigenvalue problem associated with (8) may
be interpreted as a λ-matrix problem [32].

Λ2
jMuj + ΛjBuj +Kuj = 0 (9)

In (9), Λj and uj are the jth eigenvalue and eigenvector.
With the help of approximate decoupling method described
in [32], eigenvalues may be computed by solving the re-
lated characteristic polynomial equation; however, omitting the
damping term greatly simplifies computations and does not
create any significant deviation. Using this information, natural
frequencies, ωj , and resonance frequencies, δj , defined at the
equilibrium are given as follows.

ω2
j = Λj ; δj =

1

2π

√
Λj . (10)

Hence, it is possible to compute resonance frequencies for
a given set of joint configurations, elasticity properties and
inertial parameters of the robot. Utilizing (10), base resonance
frequency, δ1, is computed to be within 0.925∼1.04 [Hz]
band. Fig. 4 depicts its correlation with respect to the knee
joint angle where the maximum deviation is less than 5%.
Similar variations could also be observed for hip and ankle
variations. Keeping this in mind, the base resonance frequency
is considered as a constant value, since it does not vary greatly
with respect to the given joint configuration.

Computing the second and third resonance frequencies
using (10), δ2 appears to be within 8∼11 [Hz] band, while
δ3 vary between 92∼101 [Hz]. Consequently, we only make
use of the base resonance frequency in the proposed hopping
generator. There are two main reasons behind this decision: i)
In multi-DoF systems with elasticity, only the first resonance
mode makes the whole system move in a synchronous manner.
In other words, if the system is excited at the frequency of δ1,
both springs deflect accordingly, so that energy storage/release
cycles can be maximized. In other vibration modes, springs
move against each other and create unfavorable characteristics
for energy storage/release cycles. ii) In our specific case, both
δ2 and δ3 are out of the band of interest for the target hopping
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Fig. 5. System identification results on pitch axis ankle and knee joints.
Angular deflections are measured for left leg’s pitch axis ankle (solid purple)
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leg. The actual experimentation period is longer than 12 [s]; however, the data
is truncated after the twelfth second to display the worthwhile portion.

locomotion. They are also outside of the physically realizable
frequency range.

B. Experimental Identification

Despite the fact that (10) provides a systematic way to de-
termine the base resonance frequency, theoretical computation
of resonance frequencies might not be sufficiently precise for
practical applications. Due to the compliance at the feet soles,
harmonic gear stiffness, servo controller gains and several
other factors, resonance frequencies may differ from their
theoretical representations. Moreover, resonance frequencies
are computed via reduced dynamics equations, which may
potentially introduce modeling errors. In regard to these facts,
we performed a system identification routine on our bipedal
robot, so that the base resonance frequency can be determined
experimentally to validate our computations.

For this purpose, we firmly attached the robot’s feet to
a rigid platform. Subsequently, the robot is excited through
the vertical direction, using a chirp signal with frequencies
ranging from 0.25 [Hz] to 8 [Hz]. Within this frequency range,
we plotted angular deflections both for pitch axis ankle and
knee joints as depicted in Fig. 5, and sought for maximum
deflections.

As observed in Fig. 5, ankle and knee joints’ angular
deflection reaches to its maximum value slightly after the
eighth second. This corresponds to a frequency value of

 

Fig. 6. Illustration of a single support phase period. It includes three main
phases; a) Touch-down (from the previous flight phase), b) Bottom, c) Lift-off
(for the next flight phase). Elastic potential energy is stored during touch-down
- bottom period and then released throughout bottom - lift-off period. During
support phases, the foot is stationary and its center is considered to be the
origin. The offsets in x-axis are left only for illustrative purposes. Since the
foot sole center is substituted as origin, the CoM trajectory is determined with
respect to this point. In order to prevent slips, we placed pads at the feet soles
and did not consider large forward velocities.

0.985 [Hz]; the base resonance frequency (δ1). As previously
stated, our theoretical computation returned 0.925∼1.04 [Hz],
a frequency band that spans within the vicinity of the exper-
imentally obtained value1. Furthermore, frequencies greater
than δ1 creates gradually decreasing angular deflections as
well. As a consequence, we obtain a profile that is similar
to a Gaussian distribution for both joints.

Considering the fact that experimentally identified δ1 ap-
pears to match well with our theoretical computations, we
choose to vertically excite the robot body at 0.985 [Hz]. What
is more, the joint deflections in ankle and knee joints are in
harmony with each other when the frequency is at this value,
meaning that both joints’ deflections are around their highest
values. The end result is that if we vertically excite the robot
body using this resonance frequency, we can hypothetically
maximize the angular deflection, and therefore the potential
energy storage.

V. HOPPING TRAJECTORY GENERATION

A. CoM Trajectory Generation during Support Phase

For the CoM motion generation task during support phases,
we make use of ZMP concept, a widely used dynamic balance
criterion for legged robots. Firstly, let us analyze x-axis ZMP
equation [4].

Xzmp = x− z ẍ

z̈ + g
− L̇y

m(z̈ + g)
(11)

In (11), x and z symbolize horizontal and vertical CoM
positions, Ly is pitch axis intrinsic angular momentum, m
is the total mass and g is the gravitational acceleration. To
simplify the motion generation task, L̇y is omitted. We later

1Base resonance frequency is inadvertently miswritten in [27].
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include this term in the joint computation stage, in a similar
manner as performed in [6].

With the aforementioned assumption, (11) may be re-writen
as below.

ω =

√
z̈ + g

z
(12)

ẍ = ω2(x−Xzmp) (13)

The ω parameter in (12) is called the natural frequency
of equivalent pendulum in ZMP modeling [6]. The core
idea is that if we utilize the base resonance frequency via
ω term in this model (ω = 2πδ1), we can maximize the
elastic potential energy during hopping. Being second order
differential equations, (12) and (13) can be analytically solved
for constant ω values to obtain the CoM trajectory. In the
following subsections, we explain this motion planning for
vertical and horizontal components, respectively.

1) Vertical CoM Motion Planning: Eq. (12) can be re-
written in a way to move the highest order to the left hand
side.

z̈ = ω2z − g (14)

For a constant ω value, we may analytically solve (14),
without the loss of generality.

z =
(
z0 −

g

ω2

)
coshωt+

ż0
ω

sinhωt+
g

ω2
(15)

In (15), z0 and ż0 are initial position and velocity values,
t is the time parameter. If we differentiate this equation, we
can obtain the vertical CoM velocity as well.

ż =

(
ω2z0 − g

ω

)
sinhωt+ ż0 coshωt (16)

At this stage, we would like to highlight the fact that the
reason for obtaining vertical CoM trajectory by solving (14)
is to make sure that ω parameter is constant. One may think
that another periodic function could also be employed for the
vertical CoM trajectory. However, in that scenario, (12) does
not hold valid for constant ω values; it varies with time. Since
we use the ZMP model in generating the forward motion,
vertical CoM motion needs to obey (12). In that sense, such
a condition can only be met via (15).

As previously stated, our strategy is to create a vertical
pattern with constant excitation frequency, i.e., the base res-
onance frequency. This is due to the fact that the passive
compliant joints in our robots have approximately constant
stiffness profiles (see Fig. 4). Furthermore, biomechanical
studies also indicate the utilization of constant stiffness during
stance phases [9], [10]. Therefore, we are in need of vertical
CoM patterns in which the excitation frequency is constant
as well. Consequently, this condition allowed us to yield (15)
and (16), through the analytical solution of (14).

In order to obtain periodic elastic energy transformation
routines using (15) and (16), it is desirable to obtain a vertical
motion profile in which the robot moves downwards and

upwards in a cyclical fashion. Together with Fig. 6, Fig. 7(a)
and Fig. 7(b) depict this kind of vertical position and velocity
profiles throughout the desired support period. As observed in
these figures, the robot starts from an initial position, z0, with
a negative initial velocity, −|ż0|, at the moment of t0, then
decelerates downwards. In the middle point of the support
phase (t = tmz), the CoM reaches its minimum value, zd.
Between t0 and tmz , the springs store elastic potential energy.
After the tmz moment, the robot releases the elastic potential
energy and accelerates upwards. It lifts off at the end of
the support phase, te. Because the motion is symmetric, the
vertical initial position is equal to the vertical lift-off position.
Moreover, the vertical initial and lift-off velocities have the
same magnitude with different signs.

As noted by Blickhan [10], the number of independent
parameters are less than the constraints in jumping motion.
This causes limitations in the parameter space in which a
feasible jump can be performed. Therefore, proper tuning of
jumping parameters is crucial. In our method, we determine
z0 and zd values by considering the mechanical capabilities
of our robot. ω is equalized to the base resonance frequency
as previously explained; ω = 2πδ1. Other parameters, namely,
initial velocity (ż0) and support time period (Ts), are computed
by using z0, zd and ω values to make sure that we obtain the
motion profile shown in Fig. 7(a) and Fig. 7(b).

In Fig. 7(a), we can observe that the vertical position
function has a minimum when t = tmz . In other words, the
velocity function is zero at this moment. If we call support
time period Ts, and initial time (t0) is zero2, tmz simply
becomes Ts/2.

ż|t=Ts/2 =
ω2z0 − g

ω
sinhω

Ts

2
+ ż0 coshω

Ts

2
= 0 (17)

From (17), Ts can be expressed in terms of ω, z0 and ż0.

Ts =
2

ω
tanh−1 ż0ω

g − ω2z0
(18)

Additionally, the z-axis CoM position is equal to zd when
t = tmz = Ts/2.

z|t=Ts/2 =
ω2z0 − g

ω2
coshω

Ts
2

+
ż0
ω

sinhω
Ts
2

+
g

ω2
= zd (19)

Combining (18) and (19), and solving the outcome for ż0,
the following relation is obtained.

ż0 = ∓
√

(z0 − zd) (ω2z0 − 2g + ω2zd) (20)

Even though we have two solutions, we need to choose the
one with the minus sign, in order to comply with the desired
vertical motion profile.

Utilizing (20), we can compute the initial vertical CoM
velocity, ż0, for a given set of z0, zd and ω. Subsequently,
we can compute the support time period, Ts, using (18).

2For non-zero initial time values, resulting equations can simply be shifted
in time through t0, without the loss of generality.
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Fig. 7. Feasible CoM position and velocity profiles. a) z-axis CoM position. b) z-axis CoM velocity. c) x-axis CoM position. d) x-axis CoM velocity.

Inserting all these parameters into (15) and (16), vertical CoM
position and velocity trajectories are yielded. To this end, we
later provide a simple and sequential algorithm to generate
trajectories.

2) Horizontal CoM Motion Planning: Having obtained the
vertical CoM trajectory, we follow a similar strategy for the
horizontal CoM trajectory. Keeping in mind that ω is constant
and equal to 2πδ1, we can solve (13) for a constant Xzmp as
below.

x = (x0 −Xzmp) coshωt+
ẋ0
ω

sinhωt+Xzmp (21)

Initial position and velocity are denoted with x0 and ẋ0.
Differentiating (21) once and twice, we can obtain x-axis
velocity and acceleration functions as well.

ẋ = ω (x0 −Xzmp) sinhωt+ ẋ0 coshωt (22)
ẍ = ω2 (x0 −Xzmp) coshωt+ ωẋ0 sinhωt. (23)

When there is a requirement to generate ZMP-based feasible
x-axis CoM trajectories, it is desirable to obtain a motion
profile in which the robot decelerates and accelerates within
a cyclical manner. Together with Fig. 6, Fig. 7(c) and Fig.
7(d) depict the horizontal position and velocity profiles for this
kind of trajectory generation. In these figures, the deceleration
phase is defined between t0 and tmx while the acceleration
phase is defined between tmx and te. Depending on the
desired deceleration/acceleration strategy, tmx can be assigned
between t0 and te. In the case of substituting tmx as the middle
point, deceleration/acceleration periods become equal to each
other. The CoM then moves forward by keeping its average
pace and its terminal velocity becomes equal to the initial
velocity. Fig. 7(c) and Fig. 7(d) demonstrate such a situation.
Because the motion is symmetric, the horizontal initial velocity
equals to the horizontal lift-off velocity.

As may be observed in Fig. 7(d), velocity function has
a minimum point when t = tmx. Hence, its derivative, the
acceleration function, is zero at that moment.

ẍ|t=tmx = ω2(x0 −Xzmp) coshωtmx

+ ωẋ0 sinhωtmx = 0 (24)

Using (24), we can express ẋ0 as follows.

ẋ0 = ω((Xzmp − x0) cothωtmx (25)

During single support phases, it is also possible to substitute
an average forward velocity, υm. Assigning this parameter, the
terminal position, xd, can simply be obtained by the following
formula.

xd = υmTs + x0. (26)

In the case of cyclic motion, the x0 parameter in (26) equals
to the lift-off position with a minus sign (−xd) as illustrated
in Fig. 6. If the robot starts jumping from a stationary motion,
i.e., the beginning of an experiment, it could be substituted as
zero or a relatively small value.

The xd parameter in (26) also corresponds to the position
when t= te:

x|t=te = xd = (x0 −Xzmp) coshωTs

+
ẋ0
ω

sinhωTs +Xzmp. (27)

Inserting (25) and (26) into (27), we may compute Xzmp.

Xzmp =
x0 sinh(ω(Ts − tmx)) + xd sinh(ωtmx)

sinh(ω(Ts − tmx)) + sinh(ωtmx)
. (28)

In a basic sense, (26), (28) and (25) enable us to respectively
compute Xzmp and ẋ0 parameters for a given set of x0, ω, υm
and tmx profile. Having obtained x0, ẋ0 and Xzmp, we can
generate the horizontal CoM position and velocity trajectories
by utilizing (21) and (22). On this matter, we later provide an
easy-to-implement algorithm.

B. Trajectory Generation During Flight Phase

1) Vertical Motion Planning: When the robot is in the air,
it is subject to projectile motion dynamics. That being said,
z-axis CoM simply follows a parabola.

z = z0 + ż0t−
1

2
gt2 (29)

ż = ż − gt (30)

Initial conditions of a flight phase simply equals to terminal
conditions of the preceding support phase. As may be observed
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0=
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Fig. 8. Illustration of a single flight phase period. ψ indicates the angle
between x-axis and z-axis when the robot is in the air. The foot trajectory
can be generated in a way that ψ angles at the lift-off and touch-down are
equalized with different signs; ψxtd = −ψxlo .

in Fig. 6, Fig. 7(a) and Fig. 7(b), initial and terminal positions
are the same during support phases. Initial velocities are also
the same with a minus sign. Therefore, initial position and
velocity parameters of a flight phase are known in advance
for a designated support phase. In addition, one may define
a foot trajectory for vertical axis (zf ) to extend flight phase
time; however, we do not use it in this work.

Note that flight time period depends on the lift-off velocity
(initial velocity of a flight phase):

Tf = 2
∣∣∣ ż0
g

∣∣∣ (31)

2) Horizontal Motion Planning: In this case, horizontal
CoM velocity is constant due to the fact that x-axis trans-
lational momentum is conserved. That being the case, CoM
motion is expressed as in the following.

x = −x0 + ẋ0t (32)
ẋ = ẋ0 (33)

Similarly, initial conditions in (32) and (33) are determined
via terminal conditions of the preceding support phase. If we
observe Fig. 6, Fig. 7(c) and Fig. 7(d), initial and terminal
velocities are the same for a support phase. Terminal position
is also equal to initial position with a minus sign, with respect
to foot position. Therefore, x-axis initial position and velocity
values can be obtained beforehand for a given support phase
and they appear to be −x0 and ẋ0.

Fig. 8 illustrates a flight phase, where the angle between
x-axis and z-axis is denoted with ψ. At the moment of lift off,
this angle can be obtained using z0 and x0; ψlo = tan− x0

z0
.

For the purpose of symmetrical motion patterns, it is desired
to land with the same angle with minus sign; ψxtd

= −ψxlo
.

Moreover, it should be zero at the apex point. Using these
conditions, ψ trajectory can be derived using polynomials.
Finally, horizontal foot trajectory, xf , can be computed as
follows to make sure that necessary foot placement planning
can be achieved.

xf = x− (z − zf ) tanψ (34)

C. Joint Motion Computation Scheme

Having computed all the necessary components of CoM
trajectories, we now proceed to the joint computation scheme.
As we stated previously, only the joints in sagittal plane
are equipped with passive compliant elements. Therefore, we
focus on jumping motion in which pitch axis ankle, knee
and hip joints are actuated, i.e., 3 DoF. Fig. 3(a) displays the
kinematic structure and joint frames.

At this point, we can easily derive an analytical inverse
kinematics solution that maps CoM position and upper body
pitch axis orientation (x, z, θf ) with joint positions (q1, q2,
q3). On the other hand, this approach cannot characterize
the rotational inertia, an important characteristic of the robot
dynamics [5]. Considering this fact, we utilized x-axis and z-
axis CoM translational momenta (Px, Pz) and pitch axis CoM
angular momentum (Ly) for the joint motion computation task,
in accordance with the method proposed in [27].

VI. EXPERIMENTAL RESULTS AND DISCUSSIONS

A. Evaluation of Experimental Results

Utilizing the proposed pattern generation technique, a set
of forward hopping experiments were conducted on our actual
bipedal robot. In these experiments, initial vertical and hori-
zontal CoM positions (z0, x0), minimum vertical CoM posi-
tion (zd), and average forward velocity (υm), were substituted
as 0.36 [m], 0.005 [m], 0.3015 [m], 0.11 [m/s], respectively.
The base resonance frequency (δ1) was previously determined
as 0.985 [Hz]. tmx parameter was considered as the middle
point during the support period; tmx = 0.5(Ts + t0). Other
necessary parameters were computed in accordance with the
algorithm presented above; namely, flight time (Tf ), support
time (Ts), and referential ZMP input (Xzmp) were respectively
calculated as 0.12 [s], 0.48 [s], 0.0314 [m].

In Fig. 9(a) and Fig. 9(b), horizontal and vertical CoM
trajectories are depicted. As seen in these figures, consecutive
support and flight phases are connected seamlessly. Note that
trajectories are plotted with respect to the foot sole center.
Therefore, x-axis trajectories seem periodic although the robot
performs forward hopping.

x-axis ZMP response is illustrated in Fig. 9(c). In this figure,
solid red line denotes actual x-axis ZMP measurements while
dashed green and blue lines symbolize the support polygon.
As it may be observed, the ZMP response is always within
the support polygon, indicating that we obtained dynamically
equilibrated forward jumping cycles. What is more, ZMP is
undefined during the flight phase and these periods are covered
with yellow hatched areas.

Vertical GRF response can be examined in Fig. 10(a).
Similar to Fig. 9(c), yellow hatched areas symbolize flight
phase periods in which GRF response is observed to be zero.
Based on this fact, we may claim that we obtained successful
flight phases with certain foot clearances. Moreover, touch-
down impacts are measured to be around 350 [N]. This impact
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Fig. 9. a) x-axis CoM trajectory. b) z-axis CoM trajectory. c) x-axis ZMP response.
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Fig. 11. a) Ankle joint spring deflections. b) The total elastic potential energy variations. c) Ankle joint, torque-angle profile (link side), stance phase

force appears to be twice the amount of the overall robot
weight. In Ugurlu’s previous works on a stiffly controlled
one legged robot, jumping experiments with relatively similar
characteristics (jumping height etc.) were conducted [4]. In
those experiments, touch-down impacts were measured to be
4 to 5 times greater than that of the rigid robot’s weight.
As a comparison, it is obvious that compliant robots are
intrinsically advantageous over their rigid counterparts in
reducing touch-down impacts. Thus, one may develop any
kind of motion trajectory for compliant robots without having
additional concerns to reduce touch-down impacts. Note that
force and ZMP measurements were estimated using on board
sensory information and floating base inverse dynamics.

In order to investigate hopping at the resonance frequency,

we conducted 4 additional experiments in which the vertical
CoM trajectory is generated by using non-resonant frequen-
cies (ϕ1, ϕ2, ϕ3, ϕ4,). Non-resonant frequencies are chosen
equidistantly from the base resonance frequency; ϕ1 = 0.75δ1,
ϕ2 = 1.25δ1, ϕ3 = 0.5δ1, ϕ4 = 1.5δ1.

Fig. 10(b) displays the ankle joint spring deflections. Solid
purple, dashed green, and dotted blue lines respectively rep-
resent deflection variations in resonant, non-resonant-1 and
non-resonant-2 hopping experiments. As seen in the figure,
the highest deflection peak is obtained during the experiment
that is conducted at the resonance frequency. It is measured to
be around -11 degrees which is quite close to the maximum
limit; -11.45 degrees. On the other hand, the highest deflection
during non-resonant jumping experiments was measured to



IEEE TRANSACTIONS ON INDUSTRIAL ELECTRONICS, VOL. X, NO. Y, MONTH 201A 11

be about only -4 degrees, which is 65% smaller than the
maximum allowable deflection range. Identical results are
observed for knee joint deflections as well.

Using eq. (2) and removing the trend, we also computed
the total elastic potential energy. Fig. 10(c) depicts these
elastic potential energy variations. Similarly, solid purple,
dashed green, and dotted blue lines respectively indicate elastic
potential energy variations in resonant, non-resonant-1 and
non-resonant-2 jumping experiments. Not surprisingly, elastic
potential energy storage/release is maximized in the case for
resonant jumping. The peak value is measured to be around
4.2 [J]. In contrast, elastic potential energy variations in
non-resonant jumping experiments exhibited 80.7% less peak
values, in comparison with the resonant jumping case.

In addition, Fig. 11(a) and Fig. 11(b) display ankle joint
spring deflections and elastic potential energy variations
for hopping experiments conducted at the base resonance
frequency (solid purple), non-resonant-3 frequency (dashed
green) and non-resonant-4 frequency (dotted blue). As the
excitation frequencies are chosen farther, spring deflections
get much smaller. They are measured to be less than 1 degree,
which is 91% smaller than the maximum allowable deflection
range. Accordingly, potential energy variation is around 0.1
[J]. This value corresponds to 98% less amount of energy
that is stored when the robot is excited at the base resonance
frequency.

It can also be observed that the spring deflection and elastic
potential energy variations are quite identical in non-resonant-
1 (ϕ1) and non-resonant-2 (ϕ2) hopping experiments. Simi-
larly, non-resonant-3 (ϕ3) and non-resonant-4 (ϕ4) hopping
experiments reveal identical spring deflection and elastic po-
tential energy variation profiles. Indeed, this result is expected
since the frequencies utilized in these experiments are chosen
equidistantly from the base resonance frequency (δ1). This also
proves that δ1 is able to represent the resonance frequency,
so that the system reacts in accordance with the Gaussian
distribution. Table II summarizes resonant and non-resonant
frequency hopping experiment results.

What is more, non-resonant-1 and non-resonant-2 hopping
experiments partially succeeded; the robot demonstrated pre-
mature flight phases with no obvious foot clearances. This is
expected since non-resonant frequencies cannot fully utilize
the springs to maximize the deflections and potential elastic
energy variations. In non-resonant-3 and non-resonant-4 hop-
ping experiments, the robot simply did not hop vertically at all.
On the other hand, the robot successfully exhibited continuous
forward hopping cycles with obvious foot clearances when it
is excited at the base resonance frequency.

Ankle joint’s link side torque-angle curve is provided for a
single stance period in Fig. 11(c). The curve A-B-C illustrates
the resonant jumping experiment result (solid purple) while
A-B∗-C curves display the non-resonant-1 and non-resonant-
2 hopping experiments results (dashed green and dotted blue).
Non-resonant-3 and non-resonant-4 hopping experiment re-
sults are excluded as they generate very low torque profiles.
From point A to point B, the robot body moves forward.
Between points B and C, the robot pushes down the ground
and lifts off after the C point. These results are quite similar to

TABLE II
RESONANT NON-RESONANT EXPERIMENT RESULTS

Maximum Stored Elastic
Deflection [Deg] Potential Energy [J]

δ1 11.12 4.2
ϕ1 = 0.75δ1 3.98 0.82
ϕ2 = 1.25δ1 3.92 0.8
ϕ3 = 0.5δ1 0.96 0.1
ϕ4 = 1.5δ1 1.0 0.12

Hansen et al.’s study involving human ankle joint torque-angle
measurements during fast motions [33]. In their work, we
may observe that the A-B curve gets steeper when the human
subject moves faster. This is in accordance with our torque-
angle curve measurements; A-B curve is steeper than that of
A-B∗. Based on this result, we may hypothesize that the robot
may exhibit human-like natural torque-angle characteristics
thanks to its passively compliant structure.

B. Potential Benefits and Limitations

We would like to highlight the fact that the robot is not
able to perform hopping without the passive compliance (e.g.
with no springs), because of hardware limitations. There-
fore, it is clear that the proposed method fully utilizes its
passive compliance to achieve hopping motion. Keeping this
in mind, the proposed method can be used to enable low-
power humanoids to succeed in efficient jumping and hopping
locomotion scenarios when they are supported with passively
compliant elements.

In order to augment the hopping height, it is either possible
to modify the mechanical stretching capabilities of the legs
to increase the amplitude or to replace current springs with
their softer counterparts. In other words, hopping performance
highly depends on the spring selection which requires careful
analysis beforehand. In relation to that matter, series elastic
actuators may not store a high amount of energy since the
control bandwidth must be prioritized. Therefore, this aspect
appears to be a limitation concerned with operational difficul-
ties.

It should also be noted that the initial velocity must be non-
zero at the beginning of support phase. In the case of first hop,
the joints may suffer a discontinuous velocity profile; however,
this is less likely to cause excessive torque peaks within the
presence of passive compliance.

VII. CONCLUDING REMARKS

To summarize, this paper proposes an analytical jump-
ing trajectory generation method that can be implemented
on bipedal robots with passively compliant structures. The
proposed method is independent from the hardware-specific
parameters, so that it might be applicable for a wider class of
passive compliant bipedal robots. CoM trajectory generation
algorithm is based on analytically derived equations, in which
the resonance frequency is utilized for the vertical compo-
nent, and the ZMP criterion is employed for the horizontal
component. Therefore, the method ensures the creation of
efficient elastic potential energy storage/release cycles, while
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the dynamic balance criterion is concurrently met. What is
more, initial conditions are tuned in a way to generate feasible
jumping patterns, making the proposed method systematic and
easy-to-apply for real-time applications. Finally, translational
and angular momenta constraints are used to obtain joint
angles in which the rotational inertia is characterized.

Even though we make use of the passive compliance at the
joint level, one may use any other passively compliant struc-
ture -such as a limb [21]- to generate vertical CoM trajectories
as long as the corresponding resonance frequency is physically
realizable. In this context, using passive compliance at the
joint level enabled us to measure and compute deflection and
potential energy variations. Therefore, the performance can be
evaluated in a convenient way.

Implementing the proposed method, we conducted a set
of periodic forward hopping experiments using our passively
compliant bipedal robot. As a result, we obtained repetitive,
continuous and dynamically equilibrated forward jumping cy-
cles with successful landing phases. Up to our knowledge, this
paper presents one of the first jumping experiments through
the utilization of resonance frequency, conducted on a fully
actuated and passively compliant 3D bipedal robot. It also
reports a novel trajectory generator in which the vertical
CoM trajectory is analytically derived for the hopping pattern
generation task.

In our future work, we are planning to utilize series elastic
actuators in all the robot joints. That being said, we will
generalize the proposed technique for 3D bipedal running upon
the hardware reconfiguration. Hence, our next report will be
about efficient bipedal running in which the base resonance
frequency is exploited.
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